A UNIVERSAL COEFFICIENT THEOREM WITH APPLICATIONS TO
TORSION IN CHOW GROUPS OF SEVERI-BRAUER VARIETIES

EOIN MACKALL

ABSTRACT. For any variety X, and for any coefficient ring S, we define the S-topological
filtration on the Grothendieck group of coherent sheaves G(X) ® S with coefficients in S.
The S-topological filtration is related to the topological filtration by means of a universal
coeflicient theorem. We apply this observation in the case that X is a Severi-Brauer variety
to obtain new examples of torsion in the Chow groups of X.

Notation and Conventions. A ring is a commutative ring. An abelian group is flat if it is
a flat Z-module; equivalently, an abelian group is flat if and only if it is torsion free. We fix
an arbitrary field k, to be used as a base. For any field F', an F-variety (or simply a variety
when the field F' is clear) is an integral scheme separated and of finite type over F.

1. INTRODUCTION

Let X be a Severi-Brauer variety. The Chow groups CH(X) of codimension-i algebraic
cycles on X modulo rational equivalence have been the subject of a considerable amount of
current research [Bael5, Karl7a, Karl7h, KM19, Mac20a]. A primary focus of this research
has been to determine the possible torsion subgroups of CH*(X) for varying i and X. This
line of study was initiated by Merkurjev [Mer95] who used the Brown-Gersten-Quillen or
BGQ spectral sequence to give the first proof that there can exist nontrivial torsion cycles
in CH'(X) for some X and some i > 3.

Merkurjev’s methods are inexplicit: although he shows that nontrivial torsion cycles exist
in the Chow groups of some Severi-Brauer varieties, it’s difficult to write down an explicit
torsion cycle let alone to know in which codimension the cycle exists. Because of this, most
modern computations in this field rely on the pioneering ideas of Karpenko [Kar95, Kar9g]
who gave the first description of the torsion subgroups in CH?*(X) for a handful of Severi-
Brauer varieties X including those X that are generic with associated central simple algebra
A of level lev(A) <1 (see Subsection 4.3 for a definition of the level).

In this paper, we develop a new technique for determining nontrivial torsion cycles in
the Chow groups CH'(X) of a Severi-Brauer variety X for any i > 2. We then apply this
technique in the case that X is a generic Severi—Brauer variety associated to a central simple
algebra A of index ind(A) = 2" to determine all possible torsion subgroups of CH?*(X) for
all n < 5; this information is compiled in Tables 1, 2, and 3 below. Some corollaries to
our computations include the first examples (Corollary 4.14) of noncyclic torsion in CH?(X)
and the first examples (Corollaries 4.15, 4.16, 4.17) of torsion in higher codimensions for X
associated to an algebra A of level lev(A) > 1.
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All of our results are based on an analog of the universal coefficient theorem of singular
homology that applies to the topological filtration 7,(X) of the Grothendieck group G(X)
of coherent sheaves on a variety X. That is to say, we introduce an S-topological filtration
72(X) on the group G(X) ® S when S is an arbitrary coefficient ring (Definition 3.1) and
we compare the topological filtration with S-coefficients to the S-topological filtration via a
collection of natural maps; under some conditions, we can show that these comparison maps
are isomorphisms (Proposition 3.3).

If, in the discussion above, one takes the coefficient ring S to be the finite field I, of p
elements for some prime p, then our results show that certain questions regarding torsion
elements of order p in the associated graded groups of the topological filtration can be reduced
to some computations in the F,-vector space G(X) ® IF,. This makes it considerably easier
to check some results by hand (e.g. to see that CH?(X) can have nontrivial torsion) and, it
suggests that these computations can most likely be done in an automated fashion.

This paper is structured as follows. Section 2 is written in a completely abstracted way;
here we prove only basic results in homological algebra. The abstract results of Section 2
are applied in a geometric setting in Section 3 where we also prove Proposition 3.3 which is
our most useful form of the universal coefficient theorem for the topological filtration. As
an aside to this section, we would like to point out Lemma 3.4, which characterizes torsion
elements in the Grothendieck ring K (X) of locally free sheaves on a variety X as elements
of the kernel of some Adam’s operations.

Section 4 is devoted to applications of the theory developed in Sections 2 and 3. Here we
settle some questions on torsion in the Chow groups of Severi—-Brauer varieties. This section
includes a summary (Subsections 4.1-4.5) of the notation that we use and of some results
that can be obtained from the articles [Kar98, KM19, Mac20a]. All new computations are
contained in Subsection 4.6. Our proofs are highly computational and require some large
amount of detail so, whenever possible, we’ve sorted the needed information into a table;
these are provided at the end of the paper, before the references.

2. FILTERED RINGS WITH COEFFICIENTS

Throughout this section we fix the following notation:
(C1) R is an abelian group equipped with an ascending filtration F, C R, i.e. for every i € Z
there is a group F; C R indexed so that
"'CE_1CECFZ‘+1C"'CR
(C2) we assume that the filtration F, is limiting, stable, and nonnegative, i.e. F_; = 0 and
there exists an integer d > 0 such that Fy; = R.

We write Fj/;_; for the associated quotient F;/F;_;. If S is an arbitrary ring, we write F)
for the ascending filtration on R ® S whose degree-i term F? is defined as the S-submodule
generated by F; ® S. Equivalently, F/° can be defined as the image of the map obtained by
tensoring the inclusion F; C R by S,

FP=Im(F;,®S—R®5).

We write Fii_l for the quotient F°/F? .



Note that, for any ¢ € Z, tensoring the inclusion F;_; C F; by .S induces an exact sequence
(IlO.l) 0— TOI'l(S, F’ifl) — TOI'l(S, Fz) — TOI'l(S, E/i—l) —
—>Fi_1®Sﬂ>E®S—>E/¢,1®S—>O.

The final terms of these exact sequences fit into commuting diagrams

Fi9St5% FEesS — Fi, 08 — 0

(no.2) lhi_l lhi l fi

0—>F¢S—1—>ES—>EK§F1—>O

where the vertical maps h; are the canonical surjections, and the maps f; are the induced
maps on the quotients. Note that because of our assumption (C2) above, we have that hg,y
is an isomorphism for all £ > 0.

Lemma 2.1. Fiz an integer e < d. Suppose that j; is an injection for every e < i < d.
Then both h; and f; are isomorphisms for every e < i <d.

Proof. Let K; = ker(h;). The snake lemma gives short exact sequences
0— K, — Ki—l—l — ker(fiH) — 0.

From the inclusions K, C --- C K4 = 0 we find that h; is an isomorphism for all e < i < d.

Applying the snake lemma again shows that f; is an isomorphism as well. 0

Lemma 2.2. The following conditions are equivalent:

(1) for every i < d the map j; is an injection;

(2) for every i < d the map f; is an isomorphism.

Additionally, if we assume that R is flat then the above are equivalent to

(3) Tor((S, Fji—1) =0 for all i < d.

Proof. Let K; = ker(h;). Setting e = —1 in Lemma 2.1, we get the implication (1) = (2).
In the other direction, applying the snake lemma to the diagrams of (no.2) gives surjections

0=FK_, == K,

so that h; is an injection for all i« < d. Since the left square of (no.2) is commutative, the
map j;_1 is an injection whenever h;_; is an injection.

Lastly, when R is flat we have that Tor;(S, F;) = 0 for all ¢ € Z. Thus the vanishing
Tor (S, Fi/i—1) = 0 is equivalent to the injectivity of j;_; by (no.1). O

The following lemma can be seen as a direct generalization of the universal coefficient
theorem to the setting of filtered groups. We don’t use this lemma directly but, we include
it for completeness.

Lemma 2.3. Set K; = ker(h;). Then for any i € Z there is an isomorphism
K; = coker (Tory (S, R) — Tory (S, R/F})) .
Proof. Since F? is the image of the inclusion F;®S — R® .S, we have a short exact sequence
Tory (S, R) — Tory(S,R/F})) - F,® S -+ R®S — R/F;®5 —0

which proves the claim. O



Corollary 2.4. The group ker(f;) C Fiji_1 ® S is a quotient of Tor (S, R/ F;). O
We end with a lemma, which will be needed later.

Lemma 2.5. In the notation above, the following statements hold.

(1) For every ring S, the maps hy and fq are isomorphisms.

(2) Suppose that there is a splitting R = Fy_1 ® Z. Then, for every ring S, the maps hq_1
and fq_1 are isomorphisms.

(3) Suppose both that the canonical map

Tor1 (Q/Z, Fy—1) — Tory(Q/Z, Fy—14-2)

15 a surjection and that hy_q is an isomorphism. If additionally R is flat then, for any
ring S, the maps hy_o and fq_o are isomorphisms.

Proof. The proof of (1) is immediate from our assumption (C2) above. To see (2), note that
a splitting R = Fy_ 1 & Z gives a splitting R® S = (Fy_1 ® S) ® S. The map j,_1 is then
the inclusion Fy_ 1 ® S C R® S and (2) follows from Lemma 2.1. To see (3), we use the
assumption R is flat to find that Fy_;/4_o is flat because of the surjection

0= TOTl(Q/Z, Fd—l) — TOI‘l(Q/Z, Fdfl/dfg).

It follows Tory (S, Fyy_1/4-2) = 0 for every ring S. In particular js_, is an injection, and the
maps hg_o and f;_o are isomorphisms again by Lemma 2.1. O

3. THE TOPOLOGICAL FILTRATION WITH COEFFICIENTS

Let X be an arbitrary variety. In this paper, the (ascending) topological filtration 7,(X)
on the Grothendieck group G(X) of coherent sheaves on X is the filtration whose ith term
7:(X) is defined as the group

(X)) =Y ker(G(X) = G(X\ 2))

where the sum is indexed over all subvarieties Z C X of dimension dim(Z) < ¢ and the
arrows are pullbacks along the inclusions X \ Z C X. The (descending) topological filtration
7*(X) is defined by setting 7/(X) = 74_;(X), where d = dim(X) is the dimension of X. This
filtration was first considered by Grothendieck [MRO71, Exposé 0, App., Chap. 1II, §3] and
afterwards by others, see e.g. [FL.85, Chapter VI, §5].

By analogy to the above, we introduce the following straightforward generalization of the
topological filtration with coefficients in an arbitrary ring S.

Definition 3.1. We define the ascending S-topological filtration 72 (X) C G(X) ® S as the

filtration whose ith piece 7°(X) is the group

F(X) = ker(GX)®S = G(X\2)®5)
Zcx
where the sum is indexed over all subvarieties Z C X with dim(Z) < ¢ and the arrows

are pullbacks along the inclusions X \ Z C X. We also define the descending S-topological
filtration 78(X) C G(X) ® S by setting 76(X) = 77 ,(X) where d = dim(X).

The next lemma allows us to compare the S-topological filtration of G(X) ® S to the

topological filtration of G(X) tensored by S.
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Lemma 3.2. For every i € Z, the group 77 (X) coincides with the image
7(X)=Im(n(X)® S = G(X)®S)

induced by the inclusion 7;(X) C G(X).
Proof. Let Z be a subvariety X of dimension dim(Z) < i with inclusion iz : Z — X. From
the exact localization sequence associated to the pair Z and X \ Z,

G(Z )ZZ* S GX)—=>GX\Z)—0

it follows that 7;(X) is the sum of images Im(iz.) as Z varies over all such subvarieties.
Taking the tensor product with S then gives

Im(7(X) ® S — G(X Zm(a Z)® S 2% q(x )®S>
ZCX
= ker(G(X)®85 = G(X\Z)®5)
ZCX
as claimed. 0

From Lemma 3.2 it follows, as in (no.2) of the previous section, that for every i € Z there
is a commuting diagram with exact rows

Tz',l(X) ®S i) Tl(X) RS —— Ti/i—l(X> S —— 0
(HO.3) hi—1 lhi lfi

(X)) ——— (X)) —— 75

ifi— I(X) —0

where j;_; is the inclusion 7;_1(X) C 7;(X) tensored with S, the vertical maps h; are the
canonical surjections, and the f; are the induced maps on the quotients. The remainder of
this section is dedicated to the proof of the following proposition.

Proposition 3.3. Let X be an arbitrary variety of dimension d. Let S be an arbitrary ring.
Then, for all i < 1, the canonical surjections of (1n0.3)

ha s ;
Tai(X) @S =5 77 (X)) and Ty_ija-ia(X)®S ELEN T i/a—i—1(X)

are isomorphisms. If X is reqular and G(X) is torsion free, then the same holds for i = 2.

Recall that when X is regular, the group G(X) is a ring and the multiplication of G(X)
is induced by that of the Grothendieck ring K (X) of finite rank locally free sheaves on X.
Indeed, there is a morphism

(no.4) ox  K(X) = G(X)

defined by sending the class of a locally free sheaf to the class of itself and, when X is regular,
the morphism ¢x is an isomorphism.

The ring K(X) is equipped with a number of operations, i.e. set maps from K (X)) to itself
that are functorial with respect to pullbacks. We recall the ones that will be of interest to
us following [FL85, Man69]. For any i > 0, there are lambda operations

N K(X) — K(X)
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that are defined on the class of a locally free sheaf F by the formula \([F]) = [A*F]. These
lambda operations define a homomorphism

A=Y Nt K(X) — 1+ K(X)|[t]]

from K(X) to the group of formal power series in the variable ¢ with coefficients in K (X)
and with constant term equal 1.

From the series \; one can construct a number of other useful operations. For any ¢ > 0,
there are gamma operations

7 K(X) = K(X)

whose value 7/(z) on an element € K(X) is the coefficient of ¢* in the formal power series

(@) ==Y A (@)t = Aya—p(z) € 1+ K(X)[[t]].
For any ¢ > 0, there are also Adams operations
V' K(X) = K(X)

defined using the homomorphism rk : K(X) — Z sending the class of a locally free sheaf F
to its rank rk(F): the value ¢°(z) is the coefficient of #* in the formal power series

() == Zwi(x)ti =rk(x) — t% log A_¢(z) € K(X)[[t]].

For the properties of these operations we refer to the references.

The (descending) gamma filtration 4*(X) C K (X) is defined as the smallest multiplicative
filtration (meaning v*(X) -7/ (X) C v (X)) for all 4, j) having the following properties:
(1) v(X) = K(X),
(2) 71(X) = ker(1k),
(3) v'(z) € v(X) for every z € ¥ (X) and for every i > 1.
For regular varieties X, and when one identifies K (X) with G(X) via the map ¢x of (no.4),
the gamma filtration has the property that v*(X) C 7/(X) for every ¢ > 0. When i < 2, this
inclusion is even an equality, see [[Kar98, Proposition 2.14].

Lemma 3.4. Let X be a regular variety and let x € K(X) be a nonzero element. Then for
any integer n > 2, the following statements are equivalent.

(1) There exists an integer i > 1 with n'z = 0.
(2) There exists an integer k > 1 with ™ (z) = 0.

Proof. Assume (1). Since n'z = 0, we have x € v'(X). Let j be maximal with z € 77(X).
By [FL85, Proposition 3.1] applied to the element x we have an inclusion

W (@) — (' = ¢ () € ¥H(X).

Applying [FL85, Proposition 3.1] to i () and using some properties of Adams operations
(in particular that they are ring homomorphisms and ¥? o ¢/* = ¥%) we find
P (" (@) = 0T (2) = 9 (2) — 9" (07T r) = 9" (2) € /(X))
Repeating this argument d = dim(X) times shows that there is an integer k& > 1 (one can
even take k = (d + 1 — 5)i) such that " () € v (X) C 79+1(X) = 0.
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Conversely, assume (2). Since ¢ (x) = 0, we have

k(™ (z)) = ¢ (tk(x)) = 0
so that x € y}(X). Let j be maximal with z € v/(X). Applying [FL85, Proposition 3.1] to
x we find the inclusion
Q/J”k(:r) —nMg = —pMy e 4TH(X).

Applying [FL85, Proposition 3.1] to n*z we get

@/}”k(nij) — kUt ki — nkjwnk(x) — Mtk — _p2ikthy 42 X)),
Repeating this argument d + 1 — j times we eventually find n’z = 0 for some ¢ > 0 (and one
can even take i = k(d+2—j)(j+ (d+1—j)/2) to be precise). O
Corollary 3.5. If X is a reqular variety of dimension d = dim(X), then the canonical map

Tor; (@/Z, Td_l(X)) — TOl"l(@/Z, Td_l/d_Q(X))
1S a surjection.

Proof. Since X is regular, we identify K(X) and G(X) using the map ¢x. In this case, we
have a chain of isomorphisms

(no.5) Ta-1/d—2(X) = T/2(X) = 4Y3(X) = Pic(X).

From left to right: the first equality is just a change of notation, the second equality follows
from [Kar98, Proposition 2.14], and the last equality is induced by the map taking the class
of a locally free sheaf F to its determinant line bundle det(F), see [Man69, Proposition 10.6].
In particular, if £ is a line bundle then the element [£] — 1 in 74_1/4-2(X) is mapped under
(no.5) to the class of £ in Pic(X).

Suppose that [£] — 1 is torsion in 74_1/4-2(X). Because of (no.5) this means there exists
an integer n > 0 with £%" = Ox. Hence there’s an equality

YU(L] 1) = [£5"] = 1=0
inside K (X). By Lemma 3.4, the element [£] —1 of 741 (X) is torsion, proving the claim. [
We can now prove Proposition 3.3.

Proof of Proposition 3.3. The proof is accomplished by Lemma 2.5 above, setting R = G(X)
and F; = 7;(X). That the assumptions of Lemma 2.5 (2) hold follow from both the existence
of the rank map and the equality 7!(X) = '(X). That the assumptions of Lemma 2.5 (3)
hold follows from Corollary 3.5. OJ

We end with a definition for the S-gamma filtration of the ring K(X)® S, for an arbitrary
ring of coefficients S, keeping the spirit of this section.

Definition 3.6. We define the (descending) S-gamma filtration v&(X) C K(X) ® S as the
filtration whose ith piece v4(X) is the image
Y5(X) :==Im("(X)® S = K(X)® S)

induced by the inclusion v*(X) C K(X). We define the ith S-gamma operation v5(x) of an
element € K(X) as the image of 7'(z) in K(X)® S.
7



Remark 3.7. The descending S-gamma filtration is a multiplicative filtration of K (X)® S.
If X is regular, then the descending S-topological filtration is a multiplicative filtration of
G(X) ® S. When one identifies K(X) with G(X) via the map ¢y, there is a comparison
vE(X) C 7L(X) for all 4 > 0 with equality holding for ¢ < 2.

Remark 3.8. Let I’ be a field and let X be a variety of dimension d. Assume that the
F-dimension of G(X) ® F is finite, i.e. dimp(G(X) ® F) < oo. Then there are equalities

dimp(G(X) @ F) = > (dimp(r) (X)) — dimp (7 (X))
i<d
= dimp (7, 4 (X))
i<d
If X is a regular variety, and if dimp(K(X) ® F') < oo, then an analogous argument shows
dimp (K (X) ® F) = 2z dimp (1 (X)),

4. GENERIC ALGEBRAS OF INDEX 2,4,8,16 AND 32

Throughout this section, we fix a central simple algebra A over our base field k of degree
deg(A) = d+ 1 and index ind(A) = p" for a prime p (eventually we’ll assume p = 2). Set

(no.6) X =8SB(A) C Gr(d+1,A)

to be the Severi-Brauer variety SB(A) associated with A, considered as the subvariety of
the Grassmannian Gr(d+ 1, A) of (d+ 1)-dimensional subspaces of A whose R-points X (R),
for any finite type k-algebra R, are exactly the minimal right ideals of A ®; R.

The primary purpose of this section is to illustrate how one can use the results above to
produce nontrivial torsion cycles in the Chow ring CH(X) of the Severi-Brauer variety X.
We do this below (Tables 1, 2, and 3; Corollaries 4.15, 4.16, and 4.17) under some additional
assumptions on the algebra A and the variety X. Before doing this, however, we recall a
number of results that will facilitate our computations. From now on we always identify the
ring K(X) with the ring G(X) without mention of the canonical map ¢y of (no.4).

4.1. Structure for K(X). We write (x for the tautological sheaf on X. By definition, this
means that (y is the pullback of the universal subsheaf of Gr(d+ 1, A) under the embedding
of (no.6). It follows that (x is a right module under the constant sheaf A so, for any i > 0,
it makes sense to define sheaves

(x (i) == Cg?l R a0i M;
for some fixed choices of simple left A%¥-modules M;. By convention (x(0) = Ox.
The significance of the sheaves (x (i), for the purposes of this section, is due to the following
theorem of Quillen [Qui73, §8, Theorem 4.1] describing the group K (X).
Theorem 4.1. The group homomorphism

deg(A)—1

P KA - K(X)

=0

sending the class of a left A% -module M to the class of (' ® e M is an isomorphism. [
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For any central simple algebra B the Grothendieck group K (B), of finitely generated and
projective left B-modules, is isomorphic with Z. A canonical generator for K (B) is the class
of a simple left B-module. Hence Theorem 4.1 shows that K (X) is free with basis the classes
of the sheaves (x (i) as i ranges over the interval 0 <i < d.

It’s also possible to determine the multiplication of K(X) from Theorem 4.1. To do this
we note that, since K (X) is torsion free, the flat pullback

L K(X)— K(Xp),

along the projection 7p/, : Xp — X from any finite extension F'/k, is an injection. If the
extension F'/k splits A, then there is an isomorphism between X and the projective space
P4 so that we can identify K(Xp) with the ring

(no.7) K(Xp) = Z[z]/(1 — )™

where z = [O(—1)], see [Man69, Theorem 4.5]. Finally, as the equality rk((x (7)) = ind(A%")
holds for every i > 0, it follows that K (X) can be identified with the subring of K(Xr)
generated by 77, ((x(i)) = ind(A®)2" as i ranges over the interval 0 <i < d.

4.2. The reduced Behavior rBeh(A). Recall from [Kar98, Definition 3.8] that the reduced
behavior of A is the following sequence of p-adic valuations

rBeh@4)::<vp0nd(AgmU)>é

where the index ¢ is increasing from 0 to the p-adic valuation m = v,(exp(A)) of the exponent
(or period) exp(A). The reduced behavior is a strictly decreasing sequence of length m + 1.
The first term of this sequence is always n = v,(ind(A)) and the last term is always 0.

Conversely, for every strictly decreasing sequence of integers S starting with n and ending
with 0, there exists a central division algebra A% such that ind(A®) = p™ and rBeh(A%) = S.
One can even choose A° so that the gamma and topological filtrations of K(X®) coincide
for the variety X° = SB(AY), see [Kar98, Theorem 3.7 and Lemma 3.10].

Lastly, note that the ring K(X) is completely determined by the reduced behavior of A
because of the description of K (X) given in Subsection 4.1. In fact, the gamma filtration
v*(X) C K(X) is also completely determined by the reduced behavior as a consequence of
the description (no.7) and the functorality of the gamma operations, [[K99, Corollary 1.2].

4.3. The level lev(A). Consider the following set of integers ¢ > 1,
(no.8) Sx = {i : v,ind(A®"") < v,ind(A®P" ") — 1},

The cardinality #Sx of this set is an invariant of A called the level of A, i.e. lev(A) = #Sx.
Colloquially, the integers of the set Sx are exactly the places where the reduced behavior
rBeh(A) decreases by more than one from the previous spot. Our interest in the level of A
is due to the next lemma and its subsequent corollary.

1—1

Lemma 4.2. [KM19, Lemma A.6] The ring K(X) is generated by the lambda operations of
the classes of the sheaves (x(p') where i € Sx U {0}. O

Corollary 4.3 ([Mac20b, Lemma 5.4]). The ith piece of the gamma filtration v(X) C K(X)
18 generated additively by all products

Y (21 — k(1)) 'S')'”er (zr — k()



with j1 + -+ + j» > i and with x1, ..., x, classes of the sheaves (x(p') where i € Sx U{0}.0
The level is also known to affect the torsion subgroups of CH(X).

Lemma 4.4. [Kar98, Proposition 4.9 and Proposition 4.14] Assume p = 2 and lev(A) < 1.
Then Tor,(Q/7Z,CH?*(X)) = 0 in either of the following cases:
(1) lev(A) =0
(2) lev(A) =1 and rBeh(A) = (n,...,2,0).
Moreover, if one assumes v>(X) = 73(X) then in the remaining case that lev(A) = 1 and

rBeh(A) # (n, ...,2,0), one has Tor,(Q/Z, CH*(X)) = Z/2"Z where

min{i,n —n; —i} ifn; >0
T =
min{i,n —i—1} ifn; =0

for the uniquely determined i € Sx and for n; = vy(ind(A®?")). O

4.4. The groups CT'(1; X) and Q'(X). Let CT(1; X) be the subring of CH(X) generated
by the Chern classes of (x(1). For any i > 0, we write CT?(1; X) for the subgroup of CT(1; X)
contained in CH'(X); we write Q'(X) for the cokernel of the inclusion CT*(1; X) C CH(X).
It follows from [KXM19, Proposition A.8] that CT*(1; X) is isomorphic with Z. Consequently,
for any ¢ > 0 there is an inclusion

(no.9) Tor;(Q/Z, CH' (X)) C Q'(X).

The group Q*(X) has been studied in depth, e.g. in [Mac20a, Proposition 3.7]. Combined
with [Kar98, Proposition 4.7 and Proposition 4.9] one gets the following:

Lemma 4.5. Suppose that v3(X) = 73(X) and Q*(X) = Z/pZ. Assume additionally that
either of the following two conditions hold:

(1) the prime p is odd and lev(A) > 0

(2) p=2 and either lev(A) > 1 or, lev(A) = 1 and rBeh(A) # (n, ..., 2,0).

Then there’s an equality Tor,(Q/Z, CH*(X)) = Z/pZ.

Proof. From [Kar98, Corollary 2.15], there’s an isomorphism CH?*(X) = 4%3(X). Under the
assumption of either (1) or (2), Karpenko [Kar98, Proposition 4.7 and Proposition 4.9] shows
that Tor, (Q/Z,*/3(X)) # 0. We conclude using the inclusion of (no.9). O

Corollary 4.6. Suppose that v3(X) = 73(X). Assume that p = 2 and assume that rBeh(A)
has the form of either (1), (2), or (3) below.

(1) rBeh(A) = (4,2,0)

(2) rBeh(A) = (5,4,2,0)

(3) rBeh(A) = (5,3,2,0).

Then Q*(X) = Tor,(Q/Z, CH*(X)) = Z/27.

Proof. In [Mac20a, Proposition 3.7], the group Q*(X) is described by generators and some,
but possibly not all, relations. When the reduced behavior of A has the form of (1), (2), or
(3) one can check that the relations described in [Mac20a, Proposition 3.7] show that Q*(X)
is a quotient of Z/27Z. But, in each of these cases the group CH?*(X) has nontrivial torsion
because of our assumption v*(X) = 73(X) and [Kar98, Proposition 4.7 and Proposition 4.9].
It follows from the inclusion (no.9) that Q*(X) = Z/2Z. Now one can apply Lemma 4.5 to
see that Tor,(Q/Z, CH*(X)) = Z/27Z. O
10



The group Q*(X) has also been determined in the following setting.
Lemma 4.7. Suppose that v*(X) = 73(X). Assume that p =2 and lev(A) < 1. Then:

0 if lev(A) =0
Q*(X) =10 if lev(A) = 1 and rBeh(A) = (n, ..., 2,0)
7)2°7 iflev(A) =1 and rBeh(A) # (n, ..., 2,0).

In the last case, the value s equals

n—n;—1t ifn; >0
S =
n—i—1 ifn; =0

for the uniquely determined i € Sx and for n; = vy(ind(A%?")).

Proof. In [KM19, Theorem A.15], the groups Q2(X) are computed, with the values given
above, for any Severi-Brauer variety X with the property that the gamma and topological

filtrations of K (X) coincide. This gives us isomorphisms
(no.10) CH?(X) = +?3(X) = v*3(X) = CH*(X)

where, from left to right, the first is because v3(X) = 73(X) and [Kar98, Corollary 2.15],
the second is because the gamma filtration depends only on the reduced behavior [[KK99,
Corollary 1.2], and the last follows from [KM19, Theorem A.15]. One can check that the
isomorphism of (n0.10) commutes with the inclusions of both CT?(1; X) and CT%(1; X). The
claim follows since both Q2(X) and Q?(X) are defined as the cokernels of these inclusions. [

4.5. A summary so far. Throughout the remainder of this section our goal is to produce
nontrivial torsion cycles in the Chow ring CH(X) under the assumption that A is a generic
division algebra (in the sense of [Kar98, Definition 3.12]) with ind(A) = 2" for some n < 5.
To be precise, we recall that A is generic if, for every i > 0, the inclusion v*(X) C 7/(X) of
the gamma filtration in the topological filtration, is an equality.

One consequence of our computations is a complete description of the torsion subgroup
of CH?(X) for any generic algebra A of index ind(A) = 2" for any n < 5. This result
still has some interest when A is not necessarily generic because the torsion subgroups that
we describe below are maximal in the sense that they surject onto the torsion subgroup of
CH?(X) for any algebra A of the same reduced behavior [Kar98, Theorem 3.13]. Now we
summarize this result which is only completed in Subsection 4.6 below.

If ind(A) = 1 or ind(A) = 2, then the torsion subgroup of CH?(X) is well-known to be
trivial. If ind(A) = 4, then there two cases: either lev(A) = 0 or rBeh(A) = (2,0). In both
cases one has CH*(X) = Z by Lemma 4.4 and Q*(X) = 0 by Lemma 4.7.

For generic algebras A with ind(A) = 23, all possible values of torsion in CH?*(X) are given
in Table 1 below. Table 1 can be filled out with Lemma 4.4.

For generic algebras A with ind(A) = 2%, all possible torsion subgroups of CH?*(X) are
given in Table 2 below. It turns out that only Z/2Z can appear as a torsion subgroup in this
case. Table 2 can be filled out with the help of Lemma 4.4, Lemma 4.7, and Corollary 4.6.

Lastly, for generic algebras A with ind(A) = 2°, all possible torsion subgroups of CH?*(X)
are given in Table 3 below; the group depends on the reduced behavior of A. Rows 1-10

and 13-16 of Table 3 can be filled out using Lemma 4.4, Lemma 4.7, and Corollary 4.6.
11



For rows 11 and 12, we note that [Mac20a, Proposition 3.7] shows Q*(X) is a quotient of
7.)27 & 7./27. In Subsection 4.6 we prove Corollary 4.14 saying that, for these two cases,
we have

Tor,(Q/Z,CH*(X)) = Z)27. © 7./ 2.
Together with the inclusion (no.9), this completes the table.

4.6. Working with coefficients in Fy. We write Fy = Z /27 for the field of two elements.
We assume throughout that A is a central simple algebra of index ind(A) = 2" with n > 1.
We continue to use the notation X = SB(A) for the Severi-Brauer variety associated to A.

Because of Theorem 4.1, we have a canonical basis for the Fo-vector space K(X) ® Fs
consisting of those elements v; that are the classes (mod 2) of the sheaves (x (i) respectively,

(no.11) K(X)@F,= & Fa-ui

From now on F'/k will be a finite extension splitting A and, under the identification (no.7),
we will work in K (Xr) to deduce relations in the space K(X) ® Fs.

Lemma 4.8. Let m = vy(exp(A)). Then inside of K(X) ® Fy we have the relations

Vitj Zf2m ‘ 1 or 2™ |]
VZ‘VJ‘ = .
0 otherwise.

for any pair of integers i,j > 0.

Proof. Since vy = 1, it suffices to assume 7,7 > 1. Now, in the ring K(X) C K(Xp)
multiplication is defined so that
ind(A%7)ind(A®)
ind(A®i+7)

Indeed, we’ll show that « is an integer.

To see this, we use the following two facts (see [GS17, Chapter 4 Section 5]):
(1) for any integer t > 1, we have ind(A®') = ind(A®2"*");
(2) for any pair of integers 7 > s > 0 one has divisibility ind(A®?") | ind(A%%").
Because of (1), it suffices to show the divisibility

ind(A%%2“") | ind(A®**7)ind(A®2"*").

But, by properties of valuations, we have vy(i + j) > max{vy(i),v2(j)} so that (2) applies.
Finally, we show that & =1 (mod 2) only in the suggested cases. There are two cases to

consider: either m < (i) or m < wy(7); or v2(i) < va(j) < m. In the former case, we get

(assuming that m < vy(i) without loss of generality) that « =1 (mod 2) because

ind(A®7) = ind(A®"*7)

whenever 2" divides i. In the latter case, we use the inequality vo(i 4 j) > max{wvs (i), v2(7)}
to find the divisibility

ind(A®")z" - ind(A®7)2? =

ind(A® 2™ = o - ind(A®) 2",

ind(A®™7) | ind(A®").

Combined with the fact 2 | ind(A%7) it follows o =0 (mod 2). O
12



Now we work towards describing the Fa-gamma filtration (see Definition 3.6) of K (X)®F,.
In this direction, we first prove Lemma 4.10 giving an explicit description for the images of
the gamma operations of the elements (x(2°) — ind(A®%) for any i > 1. Together with
Lemma 4.9, this provides us with an explicit description for the generators of the Fo-gamma
filtration in any given degree. Afterwards, we work by hand to determine relations between
the generators that we described in the cases that we’re interested in.

Lemma 4.9. Let Sx be the set defined as in (n0.8). Then the ith piece of the Fy-gamma
filtration i, (X) C K(X) ® Fy is generated by all products

(n0.12) B (1 — k(@) (o — 1h(z,))
with j1 + -+ + j» > i and with x, ..., x, classes of the sheaves (x(2') where i € Sx U {0}.

Proof. By Corollary 4.3, the similarly defined monomials of K(X) generate 7*(X) C K(X).
But, the images (in K(X) ® [Fy) of these monomials are the products of the images of the
individual factors, hence the claim. O

For the following lemma we define Sy(r) = ag + - - - + as, for any integer r > 1, to be the
sum of the coefficients appearing in a base-2 expansion r = ag + a12 + - - - + a42°, i.e. in such
an expression with 0 < aq, ...,a, < 1.

Lemma 4.10. Fiz an integer i > 0 and set n; = vy(ind(A®?)). Then, for any integer j with
1 <7 < 2% and for each integer k with 0 < k < 7, there is an integer aﬁj so that

7F2 (CX - in Z az ]VQZ
0<k<j
when the a - are considered in ¥y = Z/27. Moreover, the integers a ; satisfy the congruences
ko 0 an,—vg(j) _SQ(j)+SQ(k)+SQ(j_k) —n@(k)ﬂ- >0
1 ifn; — Uz(j) - 52(1) + Sz(k) + 52(j - k?) = Ny (k)+i = 0

Proof. We claim that it suffices to consider only the case i = 0. To see this, choose i > 0 and
set Y = SB(A®?) to be the Severi-Brauer variety associated with the tensor power A%
Then X embeds into Y via the composition

FiX XX xX=X%Y

of the diagonal embedding of X into the direct product X X2 of 21 copies of X, and the
twisted Segre embedding of X*?" into Y. The pullback f* with coefficients in IFy,

FKY)®F, — K(X)®TF,

sends the class of (y (k) to f*(y (k) = (x(2°k) and commutes with the gamma operations.
Assume that the lemma holds when i = 0, i.e. assume that there are integers, say ﬂ(’f’j, with

7]1?2 (Cyr (1) —2) Z B VK

0<k<j
13



and satisfying the given congruences. Then, from the equalities

Ft, (G (1) = 2m) = f* ( Z 55,]-%)

0<k<j

= 3 Bhivan =, (1) = 2M) =4, (Cx (2) — 27)

0<k<j

one finds that the claim holds for this ¢« > 0 as well by taking aﬁ ;= B{ij.
In the case i = 0, we compute explicitly the image of v/ ((x (1) —2") in K(X) ® F,. Fix a
finite field extension F'/k splitting A and identify K(X) C K(Xr) as in (no.7). Then

%(Cx(1) = 2") = p(e = 1)* = (1 + (z = D)1)*

and it follows
. n on .
P =2 = (7)1
Expanding this again, we get

Pex) -2 = 3 (-1 (2]) (;)

0<k<j

Setting
(5) ()

ko _
s = ind(A®22")

and computing the 2-adic valuation (using Kummer’s theorem) of Béﬁj gives the result, in
light of the previous paragraph. U

Theorem 4.11. Suppose A is a division algebra with ind(A) = 2° and rBeh(A) = (5,3,1,0).
For each 1 > 0, set

T =7, (Cx(1) = 32),  yi=7,(C(x(2) = 8), and z =4, (Cx(4) —2).

Then the associated graded space for the Fo-gamma filtration of K(X)®Fy is determined by
the information in Table 5 below.

Proof. We proceed by considering, for each degree 0 < ¢ < 31, all of the possible monomials
described in Lemma 4.9. Then we use the relations given in (no.13) below to eliminate all
but the suggested generators from the associated graded space. The proof will be complete
once we eliminate enough generators to prove that there’s an inequality

3 dime, (7;2"“()()) <32

>0

because of Remark 3.8.
Note that by the definition of x;, y;, z; we have the trivial relations: xq = yg = 29 = vy = 1;

r; =0fori>32;y; =0fori > 8; z; =0 for « > 2. Now the following relations can be found
14



using Lemma 4.8 and the entries of Table 4. We assume i, 7 > 1:

Toip1 = Toiqp for o < 15 Yoir1 = Yo2iy2 for 1 < 3 Yz = 23 = Ty
0 j<8 0 =1
TiY; = Tite J=8,1<14 wz; =< wips Jj=2,1<23 rix; =0
0  j=8i>16 0 j=2i>2
(n0.13) 0 <8 j=1
{0 i,j <8 022 =8, =1 ,
YiY; = . . Yizj = . . 21 =0
viys 1<8,5=28 Yiea 1<3,5=2
Yszo 1=28,7 =2
Z5 = ys +yr 25 = yszo + Y122 Y62 = YsY1

Degree 0. The only monomial of (no.12) having degree 0 is vy = g = yo = 20 = 1.

Degree 1. There are three monomials as in (no.12) of degree 1: 1, y1, and z;. Looking at
Table 4, we have x; = x5 and y; = y» so that z; = y; = 0 modulo 7%2 (X).

Degree 2. Generators Of de ree 2 are [E2 =0 2 — 0 22 =0 T 2 and z9. There are 1no
1 y J1 )y ~1 ) ) 9
relations on the T2, Y2 and Z9 monomials.

Degree 3. Now a monomial generator like those in (no.12) of degree [ > 3 will have the form

(no.16) TYYR 2y 2

for some 0 <7 < 32 with 0 < j < 8 and for some integers a, b, cg, ¢1, co > 0 satisfying
0<a,b,cp,c1 <1 and 0<¢ <3

with ia 4 jb+8co+ ¢1 +2co = [. Indeed, there are relations x,x, = 0 for all ;s > 1, relations
yrys = 0 whenever 1 < r, s < 8, a relation 22 = 0, and y2 = 25 = x3; + 232 = x3;. Note that
these are some, but not all possible, restrictions on our monomial generators (e.g. no two of
a, b, c; can be simultaneously positive).

This leaves as possible degree 3 generators: x3, 1y, 129, Y3, Y122, 2122. But, x3 = 24
and y3 = y4 so that both terms vanish modulo 7]}12 (X). We also have x1ys = 0, x129 = w9,
Y122 = y5 so that these terms similarly vanish modulo 7]}12 (X). This leaves just 2129 as a

generator for this degree.

Degree 4. Barring the restrictions given in the previous case, possible degree 4 monomials
are: T4, ToZs, Ya, YoZa, Za. But @aze = T10, Y222 = yg, and 25 = yg + yr so that these
monomials must vanish modulo 43, (X). This leaves only x4 and g, in this degree. We note

that we now exclude 22 from ever being a factor of a monomial generator, i.e. we check only
0 <c¢y <1in (no.16).

Degree 5. Possible monomials of degree 5 are now: x5, 329, Y5, y322. Since x5 = Tg, Y5 = Y,
r3 = x4, and y3 = y4 all of these generators vanish in the associated graded space.
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Degree 6. Possible monomials of degree 6 are: xg, 422, Y, Yaz2. But z42z0 = x12 and
YaZa = Y322 = Y7 both vanish modulo %EZ(X ). This leaves xg and ys.

Degree 7. Possible monomials of degree 7 are: x7, 529, Y7, ys22. Here z7 = xg, ©5 = x4, and
ys = ye. Only y7 remains.

Degree 8. Possible monomials of degree 8 are: xg, Tgzo, ys, Ygzo. Here x529 = x14 and
Y622 = Ysy1 SO that these monomials can be eliminated. This leaves zg and ys.

Degree 9. Possible monomials of degree 9 are: xg, x1ys, T722, Y1Us, Ys21, Yr22. But x; = xa,
Y1 = Y2, x7 = xs, and x9 = 9. Modding out by v¢)(X) leaves only ysz; and yrz,. But, we
have y; = Y322 = ya2e and yr2o = Y425 = ya(yr + Ys) = Yays so that only ysz; remains.

Degree 10. Possible monomials of degree 10 are: x19, Toys, Y2Us, Yszo. Only xoys = w15 can
be eliminated so that x19, y2ys, and ygzs remain as generators.

Degree 11. Possible monomials of degree 11 are: x11, x3ys, T1Ys22, Y3Ys, Y1Ysz2, Ysz122. Here
the first five can be eliminated since x1; = w19, T3 = x4, 1 = X2, Y3 = Y4, and y; = yo. This
leaves ygz12s.

Degree 12. Possible monomials of degree 12 are: x19, X4¥s, T2Ysz2, Yals, Y2YsZa. Since we
have x4ys = 29, Toys = 13, and ys29 = yg the only monomials that survive are x5 and y4ys.

Degree 13. Possible monomials of degree 13 are: x13, T5ys, T3Ys22, YsYs, Y3ysz2. Lhere are
no monomials that survive.

Degree 14. Possible monomials of degree 14 are: w14, T¢ys, T4ys22, Ysys, Yaysz2. But we have
TeYs = Tog, Ta2o = T1o and yu29 = Y329 = y7. This leaves x4 and ygys.

Degree 15. Possible monomials of degree 15 are: 15, T7ys, T5Ys22, Y7Ys, Ysysza. Here most
of the odd terms are problematic. Only y7ys survives.

Degree 16. Possible monomials of degree 16 are: x1g, X3¥s, T6Ys22, Yeysz2. Note xgzo = T14,
Tyys = Toy and ygzo = ygy1 SO that x4 is the only monomial left.

Degree 17. Possible monomials of degree 17 are: w17, Toys, T7Ys2e, Yrysza. Only yrysze can
remain but, yr2zo = y4ys as we found in degree 9 so that all monomials are eliminated.

Degree 18. Possible monomials of degree 18 are: x1g, £10Ys, Tsys2ze. Here only x5 survives.
Degree 19. Possible monomials of degree 19 are: w19, 1193, Toysze. This emulates the
general procedure in all further degrees. There simply aren’t enough large degree monomials

to produce higher terms. In odd degrees (except for degree 31), all terms will vanish; in even
degrees 21, there will be only one generator given by an xo;. 0
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Theorem 4.12. Suppose A is a division algebra with ind(A) = 2° and rBeh(A) = (5, 3,0).
For each 1 > 0, set

2 =75, (Cx(1) = 32), 4 =, (Cx(2) = 8), and 2 =, (Cx(4) = 1).
Then the associated graded space for the Fy-gamma filtration of K(X)® Fy is determined by
the information in Table 6 below.

Proof. We proceed as in the proof of Theorem 4.11. Note that by the definition of z;, v;, z;
we have the trivial relations: zo = yo = 20 = 1y = 1; x; = 0 for ¢ > 32; y; = 0 for i > §;
z; = 0 for ¢ > 1. Now the relations in (no.15) below can be found using Lemma 4.8 and the
entries of Table 4. We assume 7,5 > 1:

Toip1 = Ty for i <15 Yoir1 = Yoio for i <3 y3 =2 = uy
0 ) < 8
j. . Tit+4 7 S 27
T:Y; = Tivie ] —= 8, 1 S 14 Tr;21 = 0 P> 98 TiTj = 0
(no.15) 0 j=8i>16

0  ij<8 o2 i<5
YiYj = . . Yiz1 = . 21 = Y1t s

’ {yz‘ys 1<8,7=28 {yws 1=17 !

Degree 0. The only monomial of (no.12) having degree 0 is vy = xg = yo = 20 = 1.

Degree 1. There are three monomials of degree 1: x1, y1, and z;. But x1 = x5 and y; = s
vanish modulo 7, (X). This leaves only z; in degree 1.

Degree 2. Generators of degree 2 are IQ =0 2 = 0 T 9 and 2’2. There are no relations
1 ) J1 J 9 ) 1
on the T2, Y2 and Z% monomials.

Degree 3. Now a monomial generator like those in (no.12) of degree [ > 3 will have the form

(no.16) T

for some 0 <1 < 32 with 0 < 5 < 8 and for some integers a, b, cg, c; > 0 satisfying
0<a,bcg <1 and 0<c¢ <3

with 2a + 7b + 8¢y + ¢; = [. Indeed, there are relations x,zs = 0 for all ;s > 1, relations
yrys = 0 whenever 1 < r,s < 8, a relation 2] = y7 + ys, and a relation Y2 = 31 + T32 = T31.
Note that these are some, but not all possible, restrictions on our monomial generators (e.g.
a and b can’t both be positive). We note further that no terms z;2; and no terms y,z; when
J < 8 can occur as factors of a given monomial.

Altogether, the possible degree 3 monomials are: x3, y3, 25. Since z3 = x4 and y3 = yu,
this leaves only 23.

Degree 4. The possible degree 4 monomials of the form (no.16) are: x4, y4. Both remain.
Degree 5. Since x5 = x4 and y5; = yg, there are no generators in this degree.

Degree 6. Possible degree 6 generators are: xg and yg. Both remain.
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Degree 7. The only generator in degree 7 is y7, since x7 = zs.

Degree 8. Possible degree 8 generators are: xg, ys. These both remain.

Degree 9. Possible degree 9 generators are: y;ys and ygz;. But y; = 42 so only ygz; remains.
Degree 10. Possible degree 10 generators are: g, yoys, ysz+. All survive.

Degree 11. Possible degree 11 generators are: ysys and ygzi. Since ysys = yays, only ygz}
remains in this degree.

Degree 12. Possible degree 12 generators are: x5, y4ys. Both survive.
Degree 13. There are no degree 13 generators.

Degree 14. The monomials x4 and ygys are the only generators.
Degree 15. The only monomial that survives this degree is y7ys.

Degree 16. The only monomial in this degree is z14. From here on, the monomials that will
remain are xy; for ¢ > 8 and x3;. L]

Theorem 4.13. Suppose A is a division algebra with ind(A) = 2% and rBeh(A) = (4,2,0).
For each v > 0, set

T = %@(CX(U —16), yi= V%Q(CX@) —4), and z = 7@((}((4) —1).
Then the associated graded space for the Fo-gamma filtration of K(X)®Fy is determined by
the information in Table 7 below.

Proof. The proof follows the same lines as the proofs for Theorems 4.11 and 4.12. O

Corollary 4.14. Let A be a central simple algebra with ind(A) = 2°. Let X = SB(A) be
the associated Severi—Brauer variety. Assume either of the following are true:

(1) rBeh(A) = (5,3,1,0),
(2) rBeh(A) = (5,3,0).
Then there is a surjection
7./27. @ 7./27 — Tor,(Q/Z, CH*(X)).
Moreover, this surjection is an isomorphism if and only if v*(X) = 73(X).

Proof. To construct the given surjection, we let A be a generic algebra with ind(fl) = 2% and
rBeh(A) = rBeh(A). Set X = SB(A). From [Kar98, Theorem 3.13], there is a surjection

CH?(X) — CH2(X)

which is an isomorphism if and only if 7*(X) = 73(X). Further, the kernel of this surjection
is a torsion subgroup of CH?(X) so, applying the functor Q/Z ® — we get a surjection

Tor,(Q/Z, CH*(X)) — Tor,(Q/Z, CH*(X)).
18



It suffices then to show Tor,(Q/Z, CH*(X)) = Z/27Z @ 7./ 2.

Since A is generic, the topological and gamma filtration of K (X) coincide (by definition).
Hence the Fy-gamma and the descending Fa-topological filtration of K (X) ® Fy coincide.
Since X satisfies the conditions of Proposition 3.3, the composition

CH(X) @ F, & r/3(X) @ Fy — 723(X),

of the canonical isomorphism [Ful98, Example 15.3.6] and the canonical surjection of (no.3)
when S = [y, is an isomorphism. Theorem 4.11 and Theorem 4.12 show that

w2 (X) = 2/22%.
As CH2()~( ) has rank one, and its torsion subgroup is a finitely generated 2-primary group
we find
Tor,(Q/Z, CH*(X)) = Z)2'7 & 7./ 2° 7.
for some integers r,s > 1. But, it’s possible to determine from [Mac20a, Proposition 3.7]
that Q*(X) is a quotient of Z/27Z & Z/27Z so that r = s = 1 by (no.9). O

Lastly, we end with some corollaries that follow immediately from the data of the second
columns of Tables 5, 6, 7 and from the existence of the canonical surjections

CH(X) ® Fy — 7/HY(X) @ Fy — m ™ (X)

coming from the Grothendieck-Riemann-Roch without denominators ([Ful98, Example 15.1.5])
and from (no.3) with S = Fs.

Corollary 4.15. Let A be a central simple algebra with index ind(A) = 2° and reduced
behavior rBeh(A) = (5,3,1,0). Let X = SB(A) be the associated Severi-Brauer variety.
Finally, assume that A is generic.

Then the group Tor,(Q/Z,CH' (X)) is:
(1) nonzero if i = 2,4,6,8,10,12, 14
(2) noncyclic if i = 2,10. O

Corollary 4.16. Let A be a central simple algebra with index ind(A) = 2° and reduced
behavior rBeh(A) = (5,3,0). Let X = SB(A) be the associated Severi-Brauer variety.
Finally, assume that A is generic.

Then the group Tor,(Q/Z,CH' (X)) is:
(1) nonzero if i = 2,4,6,8,10,12, 14
(2) noncyclic if i = 2, 10. O

Corollary 4.17. Let A be a central simple algebra with indexr ind(A) = 2% and reduced
behavior rBeh(A) = (4,2,0). Let X = SB(A) be the associated Severi-Brauer variety.
Finally, assume that A is generic. Then Tori(Q/Z,CH"(X)) # 0 if i = 2,4,6. O

19



TABLE 1. For generic algebras of index 8

||| rBeh(A) |lev(A) | Q*(X) | Tor, (Q/Z, CH*(X)) |

1 (3,2,1,0) 0 0 0
21 (3,2,0) 1 0 0
31 (3,1,0) 1 7]27 7)27
4 (3,0) 1 7/27 7/27
TABLE 2. For generic algebras of index 16
| | rBeh(4) [lev(4) | Q*(X) | Tor;(Q/Z, CH*(X)) |
11 (4,3,2,1,0) 0 0 0
21 (4,3,2,0) 1 0 0
31 (4,3,1,0) 1 7.]27 7.]27
4 (4,3,0) 1 7/27 7/27
51 (4,2,1,0) 1 7/27 7/27
6 (4,2,0) 2 7)27 7)27
7 (4,1,0) 1 7.]A7 7]27
8 (4,0) 1 VAR 7.]27
TABLE 3. For generic algebras of index 32
| rBen(4) lev(4)|  @Q*(X) | Tor(Q/Z,CHY(X)) |
1 (5,4,3,2,1,0) 0 0 0
2 | (5,4,3,2,0) 1 0 0
3 (5,4,3,1,0) 1 727 727
4 (5,4,3,0) 1 7]27 7./27
5 (5,4,2,1,0) 1 7./27 7./27
6 (5,4,2,0) 2 727 727
7 (5,4,1,0) 1 Z]AZ Z7]AZ
8 (5,4,0) 1 Z7]A7 YARY/
91 (5,3,2,1,0) 1 7./27 7./27
10 (5,3,2,0) 2 727 727
11 (5,3,1,0) 2 )27 & 727 )27 & 727
12 (5,3,0) 2 Z]27 & 7./27 Z]27 & 727
13 (5,2,1,0) 1 Z7.]A7 7./27
14 (5,2,0) 2 7./27 727
15 (5,1,0) 1 787 727
16 (5,0) 1 787 727
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TABLE 4. 7%2(—)’5 when rBeh(A) = (5,3,1,0) or rBeh(A) = (5,3,0)

j | Cx(1) — 32 | (x(2) —8 | @ -2 [[¢x(@)—1]
1 Vi Uy Vg vy + 1
2 2 Vs Vs +vs+ 1y -
3 vs + 11 Vg + s - -
4 Vs + 11 Vg + 1o - -
5 Vs + 14 V19 + Vo - -
6 Uvs + 11 Vi + Vs - -
7 vit+vs+rs+ V14 + V1o + V6 + Vo - -
8 v +vs + s+ Vig+via+ 10+ vs+ 10+ 1 - -
9 vy + 11 - - -
10 vy + 11 - - -
11 i1 +uvyg+uvs+ 1 - - -
12 Vi1 +v9+ 13+ 14 - - -
13 Vis +vg +vs + 1 - - -
14 V13 + vg + 5 + 11 - - -
15 Vis + Vi3 + Vi + Vg + v+ Vs + V3 + 1 - - -
16 Vis + Vi3 + Vi1 + Vg + V7 + Vs + V3 + 1 - - -
17 vir + 1 - - -
18 V7 + 11 - - -
19 Vig + 17 +v3+ 11 - - -
20 Vig + 17 + 3+ 1 - - -
21 Vo1 + V17 + Vs + 11 - - -
22 Vo + 17 + Vs + 11 - - -
23 Vo3 + Vo1 + Vg + 117 + v+ s+ 3+ 11 - - -
24 Vo3 + Vo1 + Vig +Vir + V7 + Vs + V3 + 1 - - -
25 Vos + V7 + Vg + 1y - - -
26 Vos + 17 + Vg + 111 - - -
27 Vor + Vas + V19 + 17 + 11 + Vg + 3 + 11 - - -
28 Vo7 + Va5 + Vig + V17 + Vi1 + Vg + V3 + 11 - - -
29 Vog + Vas + Vo1 + 17 + 13 + Vg + Vs + 11 - - -
30 Vog + Vo5 + Vo1 + V17 + 13 + Vg + V5 + 11 - - -
31 V31 + Vog + Vor + Vo5 + Vag + Vo1 + Vg + 17 - - -
Vs + Vi3 + Vi + Vo + V7 + Vs T U3+ 1
32 || v32 + V31 + Vag + Loy + Vs + Va3 + Va1 + Vig + V17 - - -
+vis +vi3 v v+ Vs F U3+ U+
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TABLE 5. rBeh(A) = (5,3,1,0)

i || dimp, <7]§/2 a0 )) generators | >, dimp, (7]1{;2 A0 )>
0 1 2 1
1 1 1 2
2 3 To, Y2, 22 5
3 1 2129 6
4 2 Ty, Y4 8
5 0 - 8
6 2 T, Ys 10
7 1 Y7 11
8 2 s, s 13
9 1 Ys 21 14
10 3 10, Y28, Ys 22 17
11 1 Y2122 18
12 2 T12, Y4y 20
13 0 - 20
14 2 T14, Y6Ys 22
15 1 Yrys 23
16 1 Z16 24
17 0 - 24
18 1 1 25
19 0 - 25
20 1 20 26
21 0 - 26
22 1 Too 27
23 0 - 27
24 1 To4 28
25 0 - 28
26 1 Tog 29
27 0 - 29
28 1 Tog 30
29 0 - 30
30 1 30 31
31 1 31 32
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TABLE 6. rBeh(A) = (5,3,0)

i || dimp, (7%/2 a0 )) generators | >, dimp, (vﬂjé X ))
0 1 2 1
1 1 7 2
2 3 T2, Y, 23 )
3 1 23 6
4 2 Ty, Y4 8
5 0 - 8
6 2 T, Ys 10
7 1 Yr 11
8 2 s, s 13
9 1 Ys 21 14
10 3 10, Y2Ys, Ys 2 17
11 1 ys 2t 18
12 2 12, YaYs 20
13 0 - 20
14 2 T14; Y6Ys 22
15 1 YrYs 23
16 1 T16 24
17 0 - 24
18 1 T18 25
19 0 - 25
20 1 20 2%
21 0 - 26
22 1 To9 27
23 0 - 27
24 1 Toy 28
25 0 - 28
2% 1 o6 29
27 0 - 29
28 1 Tog 30
29 0 - 30
30 1 30 31
31 1 31 32
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TABLE 7. rBeh(A) = (4,2,0)

i || dimp, <7]§/2 e )) generators | » ., dimg, (vﬂﬂé A0 ))
0 1 2 1
1 1 21 2
2 2 T2, Y2 4
3 1 Y3 5
4 2 T4, Y4 7
5) 1 Y4 8
6 2 T6, Y2ya 10
7 1 Y3Ya 11
8 1 Ty 12
9 0 - 12
10 1 10 13
11 0 - 13
12 1 1 14
13 0 - 14
14 1 14 15
15 1 1 16
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