
UNIVERSAL ADDITIVE CHERN CLASSES AND A GRR-TYPE
THEOREM

EOIN MACKALL

Abstract. We construct a functor, from the category of schemes to the category of graded
rings, that is an initial object for having a theory of Chern classes with an additive first
Chern class. For any scheme X, the graded ring that our functor associates to X is related to
the associated graded ring of the γ-filtration on the Grothendieck ring of finite rank locally
free sheaves on X via a Grothendieck-Riemann-Roch type theorem.

Conventions. We fix an arbitrary base field k. A variety over k, or simply a variety when
the field k is clear from context, is a separated scheme of finite type over k.

In this text we write Z≥0 = {0, 1, 2, . . .} for the set of all nonnegative integers. When we
say that a ring is graded, we mean that it is a Z≥0-graded ring.

1. Introduction

A number of well-studied functors throughout algebraic geometry are equipped with a
satisfactory notion of Chern classes. Classical examples of such functors include the even `-
adic cohomology

⊕
i H

2i(−,Z`(i)) for smooth and quasiprojective varieties defined over fields
of characteristic p 6= ` and the Chow ring CH(−) of cycles modulo rational equivalence for
smooth varieties over arbitrary base fields. A lesser known example is the associated graded
ring for the γ-filtration on the Grothendieck ring K(−) of finite rank locally free sheaves;
this example is the most general, however, and applies for any noetherian scheme.

In this paper, we formalize and uniformize what it means for a functor to have a theory of
Chern classes where the first Chern class is additive. We do this by producing a contravariant
functor B(−), from any subcategory of the category of schemes that is closed under taking
projective bundles to the category of graded rings, that is the universal receptor of Chern
classes in a proper sense, see Proposition 2.1.

Surprisingly, the functor B(−) that we construct is most naturally related to the associated
graded ring grγK(−) for the γ-filtration on the ring K(−). In Theorem 4.1, we make this
precise by showing that there is a Grothendieck-Riemann-Roch (GRR) without denominators
type relation that holds between these rings. As an immediate consequence to this theorem
we give Corollary 4.2 that says the functor B(−) calculates the Chow ring of a smooth surface
with integral coefficients and the Chow ring of an arbitrary smooth variety rationally.

This paper consists of three sections. The first section focuses on the construction of the
functor B(−) and on some of its functorial properties. The second section is more concrete;
the focus of this section is on proving specific formula between Chern classes and on outlining
techniques that one can use to study the ring B(X) for a given scheme X. Our last section
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is devoted to the main result of this paper, Theorem 4.1.

Acknowledgements. I’d like to thank an anonymous referee for giving me the motivation
to revisit this text. I would also like to thank this referee for suggesting that I look again at
the source [MR071]. I think that these two suggestions greatly improved the exposition and
content of the original version of this paper.

2. Construction and fundamental properties

Throughout this section, we let X be an arbitrary scheme. We use the notation K(X) for
the Grothendieck ring of finite rank locally free sheaves on X. For any morphism of schemes
f : X → Y , we write f ∗ : K(Y ) → K(X) for the morphism induced by the pullback of
sheaves of modules. Recall [Man69] that the assignment

X  K(X) and f  f ∗

defines a contravariant functor K : Sch→ Ring from the category of schemes to the category
of (commutative) rings. Our goal, for the rest of this section, is to construct a graded ring
B(X) =

⊕
i≥0B

i(X) that acts as a universal receptor of Chern classes from K(X). More
precisely, we aim to construct a contravariant functor B : Sch→ GrRing and a collection of
natural transformations cBi : K → Bi (considered as functors to the category Set of sets)
having the following universal property.

Proposition 2.1. Let A : Sch→ GrRing be any contravariant functor and suppose that, for
every integer i ≥ 0, there exists a natural transformation cAi : K → Ai, of functors from Sch
to Set, having the following properties:

(1) for all finite rank locally free sheaves F on X we have cA0 (F) = 1;
(2) the term cAi (F) = 0 is vanishing for all integers i greater than the rank rk(F) of F ;
(3) for any short exact sequence of finite rank locally free sheaves 0 → E → G → F → 0

there is a Whitney sum relation cAi (G) =
∑i

j=0 c
A
i−j(F)cAj (E);

(4) for any pair of invertible sheaves L,L′ there is a relation cA1 (L ⊗ L′) = cA1 (L) + cA1 (L′);
(5) for any finite rank locally free sheaf E over X with projective bundle P = P(E)→ X, the

pullback map A(X)→ A(P ) is injective.

Then there exists a natural transformation bA : B → A of functors which is completely
determined by the rule bA(cBi ([F ])) = cAi ([F ]).

We write RX for the set of symbols {cBi (F)} varying over all integers i ≥ 0 and over all
finite rank locally free sheaves F on X. The algebra Z[RX ] generated by these symbols is
naturally graded with each symbol cBi (F) having degree-i. Define IX ⊂ Z[RX ] to be the
ideal having generators:

· cB0 (F)− 1 for all F
· cBi (F) for all integers i > rk(F)

· cBi (G)−
∑i

j=0 c
B
i−j(F)cBj (E) for any short exact sequence 0→ E → G → F → 0

· cB1 (L ⊗ L′)− cB1 (L)− cB1 (L′) for any pair of invertible sheaves L,L′.
We denote by [cBi (F)] the class of cBi (F) in Z[RX ]/IX . Note that IX is a homogeneous ideal
so that the quotient Z[RX ]/IX is graded with a well-defined notion of degree.
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For any other scheme Y and for any morphism f : X → Y there is a natural map

f ∗ : Z[RY ]/IY → Z[RX ]/IX

defined by f ∗[cBi (F)] := [cBi (f ∗F)].
We write PX for the directed set of maps to X made up of chains of projective bundles.

By this we mean PX is the set of finite sequences of maps

X ← P1 ← P2 ← · · ·
where P1 → X is a composition of projections from successive projective bundles, P2 → P1

is likewise a chain of projective bundles over P1, and so on. One chain dominates another
chain if there is a commutative ladder with each vertical arrow a chain of projective bundles.

X P1 P2 · · ·

X Q1 Q2 · · ·

In the above diagram the bottom sequence, call it SQ, dominates the top, SP , and we would
write SQ ≥ SP . Any two chains have a chain that dominates them. To see this, let

X ← P1 ← P2 ← · · ·

X ← Q1 ← Q2 ← · · ·
be two such chains. Then, by taking fiber products, a third such chain that dominates the
two given is

X ← P1 ×X Q1 ← P2 ×P1×XQ1 Q2 ← · · · .
A chain P of chains of projective bundles

X ← P1 ← P2 ← · · ·
determines a directed system using the natural maps defined above

Z[RX ]/IX → Z[RP1 ]/IP1 → Z[RP2 ]/IP2 → · · · .
Denoting the limit of this directed system by Z[R∞P ] = lim−→Z[RPi ]/IPi , we get a directed

system of the rings Z[R∞P ] over all chains P in the set PX .

Definition 2.2. We define the ring B(X) as the quotient

Z[RX ]/ker(fX)

where fX : Z[RX ]→ lim−→P∈PX Z[R∞P ] is the canonical map.

From now on we write [cBi (F)] only for the class of cBi (F) in B(X). The ring B(X) inherits
a canonical grading where, for any integer i ≥ 0, the subgroup Bi(X) ⊂ B(X) that consists
of degree-i elements is generated by those products

[cBi1(F1)] · · · [cBin(Fn)]

of degree i1 + · · · + in = i. Additionally, for any other scheme Y and for any morphism
f : X → Y there is an induced morphism of graded rings

f ∗ : B(Y )→ B(X)
3



uniquely determined by the formula f ∗[cBi (F)] = [cBi (f ∗F)] as before. The assignment

X  B(X) and f  f ∗

thus gives rise to a contravariant functor B : Sch→ GrRing.
We write 1 + tB(X)[[t]] for the group of invertible formal power series in a variable t with

coefficients in B(X). The following definition is key to Proposition 2.1.

Definition 2.3. For any scheme X, the total Chern class is the homomorphism

cBt : K(X)→ 1 + tB(X)[[t]]

that’s uniquely determined by the formula

cBt (x) = 1 + [cB1 (F)]t+ [cB2 (F)]t2 + · · ·
whenever x = [F ] is the class of a locally free sheaf F .

For any i ≥ 0, we define the ith Chern class as the natural transformation cBi : K → Bi

induced by taking the degree-i component of the total Chern class homomorphism.

It’s not difficult to show that the functor B and the ith Chern classes cBi have the universal
property described in Proposition 2.1; we leave this to the reader.

Remark 2.4. Often times, the functor B will be too restrictive to be of much use. What we
mean by this is that, it will often be beneficial to consider an analog of B that is universal
in the sense of Proposition 2.1 but, only among all functors coming from a strictly smaller
category C than the category Sch of all schemes. Such a functor can be constructed by
considering in our construction of B, and in the universal property of Proposition 2.1, only
those chains of projective bundles that exist inside C.

Denote by BC the functor constructed in this way that is universal among all such functors
coming from C. Assume the category C consists exactly of those schemes having a property
P that is closed in the sense: if a scheme X with property P has a projective bundle P → X,
then the scheme P also has property P . For example, P could be the property of being a
variety, or of being noetherian, or of being a regular variety. Then, in this setting, the rings
B(X) and BC(X) will be isomorphic for any scheme X contained in C.

The rest of this section is devoted to studying those properties of the functor B that are
most similar to properties of a cohomology theory. Although the functor B turns out not to
be a cohomology theory itself (even when restricted to the category of smooth and projective
varieties), it does share a number of properties that are typical of a cohomology theory (e.g.
homotopy invariance and continuity).

Lemma 2.5. Let X and Y be schemes and let f : X → Y be a morphism between them.
Assume that f ∗ : K(Y )→ K(X) is surjective. Then f ∗ : B(Y )→ B(X) is surjective.

Proof. It suffices to show that each class [cBi (F)] is in the image of f ∗ as F ranges over all
finite rank locally free sheaves on X, and i ranges over all integers i ≥ 0. Since the following
diagram commutes for any i ≥ 0,

K(Y ) K(X)

Bi(Y ) Bi(X)

f∗

cBi cBi

f∗
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the lemma follows from observing that there is a class x in K(Y ) mapping to F under f ∗. �

Lemma 2.6. Let X be a scheme and let E be a vector bundle over X of finite rank with
structure map π : E → X. Assume the pullback π∗ : K(X) → K(E) is an isomorphism.
Then π∗ : B(X)→ B(E) is an isomorphism.

Proof. Let σ : X → E be the zero section of E so that the composite π ◦ σ is the identity
of X. By functorality σ∗ ◦ π∗ is the identity on B(X) and the map π∗ is therefore injective.
Surjectivity of π∗ follows from Lemma 2.5. �

Lemma 2.7. Suppose that X is regular, noetherian, and has an ample invertible sheaf. Then
for any open subscheme U ⊂ X with inclusion i : U → X, the restriction i∗ : B(X)→ B(U)
is surjective.

Proof. Under the given conditions, the pullback i∗ : K(X)→ K(U) is a surjection [Man69].
The claim is then immediate from Lemma 2.5. �

Lemma 2.8. Let x be a point of X. Then there are isomorphisms

lim−→
x∈U

B(U) = B(lim←−
x∈U

U) = B(Spec(OX,x)) = Z

where the limits are taken along open subschemes U containing x with respect to inclusions.

Proof. Since projective modules over a local ring are free, we have K(Spec(OX,x)) = Z with
generator the class of OX,x. Thus, the canonical map K(U) → K(Spec(OX,x)) is surjective
for every open subscheme U ⊂ X containing x and the surjectivity of the canonical map

lim−→
x∈U

B(U)→ B(lim←−
x∈U

U)

follows from Lemma 2.5.
To show injectivity of this map, it suffices to show every Chern class of positive degree is

trivial over some open set around x. But, this is true for every vector bundle on X so that
it is also true for every Chern class. �

3. Chern classes and λ-rings

The functor B defined in the previous section is compatible, in some way, with the λ-ring
structure of the Grothendieck ring. For most, if not all, schemes X where we can describe
the ring B(X), we depend heavily on this compatibility. We therefore take the time, in this
section, to develop some of these relations, between the functor B and the λ-ring structure
of the Grothendieck ring, more precisely.

Recall ([MR071, Expose 0], [Man69], or [FL85]) that for a scheme X the Grothendieck
ring K(X) is equipped with a canonical structure of a λ-ring. This means that for any
integer i ≥ 0 there are natural transformations (of functors to Set) λi : K → K defined so
that λi([F ]) = [Λi(F)] for any sheaf F . These natural transformations have the properties:

(1) λ0(x) = 1 for all x in K(X)
(2) λ1(x) = x for all x in K(X)

(3) λi(x+ y) =
∑i

j=0 λ
i−j(x)λj(y)

(4) λi(xy) = Pi(λ
1(x), ..., λi(x), λ1(y), ..., λi(y)) for certain universal polynomials Pi

(5) λi(λj(x)) = Pi,j(λ
1(x), ..., λij(x)) for certain universal polynomials Pi,j.
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Remark 3.1. For any λ-ring R, there are well-defined Schur operations Sµ : R→ R for any
partition µ = (µ1, ..., µn) defined by

Sµ(x) = det(λµi+j−i(x))1≤i,j≤n.

If ε ⊂ µ is another partition, one can define an operation Sµ/ε : R→ R for the skew diagram
µ/ε as the sum

Sµ/ε(x) =
∑
ν

cµε,νS
ν(x)

where cµε,ν is a Littlewood-Richardson coefficient. These operations satisfy the formula

Sµ/ε(x+ y) =
∑
ε⊂ν⊂µ

Sν/ε(x)Sµ/ν(y)

generalizing that for the λ-operations.

Example 3.2. Let Gr(m,n) be the Grassmannian variety of m-dimensional planes in an n-
dimensional k-vector space. Then K(Gr(m,n)) is additively generated by the classes Sµ(Q)
where Q is the universal quotient sheaf on Gr(m,n) of rank n−m and µ ranges over partitions
which fit inside a box of size (n−m)×m.

Together Lemma 3.3 and Lemma 3.5 below show that a collection of λ-ring generators for
the Grothendieck ring K(X) of a scheme X determine a collection of generators for B(X).

Lemma 3.3. For any locally free sheaves F ,G of ranks n,m respectively and for any i ≥ 1,
there exist polynomials Qn,m,i so that

cBt (F ⊗ G) = 1 +
∑
i≥1

Qn,m,i(c
B
1 (F), ..., cBi (F), cB1 (G), ..., cBi (G))ti

inside of 1 + tB(X)[[t]].

Proof. It suffices to work over a chain of projective bundles P where the classes of F ,G
split into a sum of invertible sheaves in K(P ). Assuming this is the case, we can write
[F ] = [L1] + · · ·+ [Ln], for some invertible sheaves L1, ...,Ln, and [G] = [L′1] + · · ·+ [L′m], for
some invertible sheaves L′1, ...,L′m, so that

cBt (F ⊗ G) =
∏

1≤i≤n,1≤j≤m

(1 + cB1 (Li) + cB1 (L′j)).

Since the product on the right-hand-side of this equality is symmetric in the Chern classes
cB1 (L)’s and symmetric in the Chern classes cB1 (L′)’s, the claim follows by choosing Qn,m,i to
be the homogeneous polynomial expressing the weight i part of this product as a polynomial
of in elementary symmetric polynomials in these variables. �

Example 3.4 (c.f. [Ful98, Example 3.2.2]). If F is a locally free sheaf of rank n and if L is
an invertible sheaf then, for any j ≥ 1,

cBj (F ⊗ L) =

j∑
i=0

(
n− i
j − i

)
cBi (F)cB1 (L)j−i.

Equivalently,
cBt (F ⊗ L) = cBt (L)ncBτ (F)

where τ = t/cBt (L).
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Lemma 3.5. For any finite rank locally free sheaf F , the Chern class cBj (λi(F)) can be
expressed as a polynomial in the Chern classes of F .

Proof. Let x = [F ]. We work over a chain of projective bundles P where the class x splits
x = x1 + · · ·+ xn into a sum of classes of some invertible sheaves x1, ..., xn. Then

cBt (ΛjF) =
∏

i1<···<ij

(1 + cB1 (xi1) + · · ·+ cB1 (xij))

is symmetric in the cB1 (xk)
′s which proves the claim. �

Remark 3.6 (c.f. [Ful98, Remark 3.2.3 (a)]). The same process allows one to determine the
Chern classes of the dual F∨ of a finite rank locally free sheaf F . Explicitly,

cBj (F∨) = (−1)jcBj (F)

for any integer j ≥ 0.

These observations were the motivation for the definition:

Definition 3.7. We define the level of a variety X

lev(X) = min{#S : S ⊂ K(X) generates K(X) as a λ-ring}
as the minimal cardinality of a finite subset S ⊂ K(X) such that the elements of S generate
K(X) as a λ-ring. If there are no finite subsets S ⊂ K(X) that generate K(X), then the
level is said to be infinite, i.e. lev(X) =∞.

Example 3.8. If X = Pn or, more generally if X = Gr(m,n), then lev(X) = 1.
More generally still, for any sequence 0 = n0 < n1 < · · · < nk = n, let X(n0, ..., nk) be the

variety of (n0, ..., nk)-flags in a vector space of dimension n. Then lev(X(n0, ..., nk)) = k− 1.
To see this, note that there are k tautological locally free sheaves which generate the ring
K(X), of finite ranks n1, ..., nk respectively. Note also that there is exactly one linear relation
between these sheaves. Thus lev(X) ≤ k−1. Conversely, lev(X) ≥ rkZPic(X) and the latter
of these equals k − 1 as well.

If X is the Severi–Brauer variety associated to a central simple algebra A with index
ind(A) = pn, for some prime p and some n ≥ 1, then the level of X is bounded above by the
length of a subsequence of the sequence of indices of various tensor powers of A, see [KM18,
Lemma A.6]. It’s likely, but difficult to show, that this upper bound is sharp.

At this point we’ve developed sufficiently enough theory to give a concrete example:

Example 3.9. By Example 3.2, the ring K(Gr(m,n)) is generated by polynomials in the
λ-operations of the universal quotient sheaf Q. By Lemmas 3.3 and 3.5, this means that the
ring B(Gr(m,n)) is generated by the Chern classes of Q, call them c1, ..., cn−m.

We get relations in B(Gr(m,n)) from the universal exact sequence of the universal sub
sheaf S and the universal quotient sheaf Q,

0→ S → O⊕nGr(m,n) → Q→ 0.

If m ≤ n −m, then from this exact sequence we find ct(S) = 1/ct(Q). Let fm+1, ..., fn be
the polynomials in the Chern classes of Q which are the coefficients of tm+1, ..., tn in the
expansion of 1/ct(Q) as a power series in t. If m > n−m, then let us rename c1, ..., cm to be
the Chern classes of S, which evidently also generate B(Gr(m,n)) due to the exact sequence
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above, and name fn−m+1, ..., fn to be the coefficients of tn−m+1, ..., tn in the expansion of
1/ct(S) as a power series in the variable t.

We claim that

B(Gr(m,n)) =

{
Z[c1, ..., cn−m]/(fm+1, ..., fn) if m ≤ n−m
Z[c1, ..., cm]/(fn−m+1, ..., fn) if m > n−m.

Indeed, to complete the proof it’s sufficient to find a cohomology theory A with a theory
of Chern classes in the sense of Proposition 2.1 such that A(Gr(n,m)) is the desired ring.
Taking A = CH suffices (see [EH16, Theorem 5.26]).

The natural transformations λi can also be used to define γ-operations that will play an
important role later in this paper. The γ-operations are natural transformations γi : K → K
determined by the pointwise formula

γi(x) = λi(x+ i− 1)

for any element x ∈ K(X) and for any predetermined scheme X.
In this paper, we’ll be particularly interested in the γ-filtration on K(X) for an arbitrary

scheme X. Recall that the γ-filtration is the ascending multiplicative filtration F •γ (X) of
K(X) defined termwise as follows:

· F 0
γ (X) = K(X)

· F 1
γ (X) = ker(rk) where rk : K(X)→ Z is the rank homomorphism

· F i
γ(X) is defined to be the ideal generated by monomials γi1(x1) · · · γij(xj) where x1, ..., xj

are elements of F 1
γ (X) and i1 + · · ·+ ij ≥ i.

We write grγK(X) for the graded ring associated to the γ-filtration ofK(X). By definition,
the associated graded ring is the sum of quotients

grγK(X) =
⊕
i≥0

griγK(X) where griγK(X) = F i
γ(X)/F i+1

γ (X).

There are a collection of Chern class functors cγi : K → griγK determined for a scheme X

by the rule cγi (F) = γi(rk(F) − [F∨]) for any locally free sheaf F on X. By the results of
[FL85, Chapter 5, §2], these functors satisfy the conditions (1)-(5) of Proposition 2.1 with
the caveat that they are restricted to the category C of all noetherian schemes. Therefore,
because of Remark 2.4, there is a natural transformation bγ : B → grγK of functors from
the category of noetherian schemes that takes Chern classes to Chern classes. In particular,
all of the formulae proved in this section that involve Chern classes hold additionally for the
ring grγK(X) for any noetherian scheme X.

Remark 3.10. For any noetherian scheme X, the associated morphism

B(X)→ grγK(X)

is a surjection since grγK(X) is evidently generated by Chern classes.

We conclude this section by showing that the total Chern class of any element x ∈ K(X)
is a polynomial under some reasonable assumptions on X. The proof that we give here relies
on a number of the examples developed in this section. We don’t know of any scheme X for
which the following proposition doesn’t hold.
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Proposition 3.11. Suppose that X is a variety with an ample invertible sheaf L. Then the
Chern class cBi (F) is nilpotent for any finite rank locally free sheaf F on X and for any
integer i ≥ 1. In particular, the total Chern class cBt (x) is a polynomial in t for any element
x in K(X).

Proof. If F is globally generated, then there is a morphism f : X → Gr(m,n) for some m,n
such that f ∗Q = F . Since the Chern classes of Q are nilpotent due to Example 3.9, the
same follows for the Chern classes of this F .

In the general case, since X has an ample invertible sheaf L, there is some integer n > 0
so that both F ⊗ L⊗n and L⊗n are globally generated. By Example 3.4 and induction, any
Chern class of F can be written as a polynomial in the Chern classes of F ⊗ L⊗n and L⊗n.
Since both of these sheaves are globally generated, their Chern classes are nilpotent and thus
so are the Chern classes of F .

For the final statement, we write x = [F ] − [G] and observe that for sufficiently large
Chern classes of x there are sufficiently large powers of the Chern classes of F or G involved.
Eventually then these terms must vanish. �

4. A GRR without denominators type theorem

Throughout this section X is an arbitrary but fixed noetherian scheme. Our primary goal
is to prove the following Grothendieck-Riemann-Roch without denominators type theorem
between the graded ring B(X), constructed in Section 2, and the graded ring grγK(X)
associated to the filtration F •γ (X) ⊂ K(X), that was considered near the end of Section 3.

Theorem 4.1. Let X be a connected noetherian scheme and write

biγ : Bi(X)→ griγK(X)

for the ith summand of the canonical morphism of Proposition 2.1 applied to (grγK, c
γ
i ).

Then the Chern classes cBi induce well-defined maps

cBi : griγK(X)→ Bi(X)

such that the compositions

cBi ◦ biγ = (−1)i−1(i− 1)! and biγ ◦ cBi = (−1)i−1(i− 1)!

are both multiplication by (−1)i−1(i− 1)! for all i > 0.

The proof of Theorem 4.1 can be reduced to an essentially combinatorial argument. The
main computations needed for this argument are given as Lemma 4.5 and Lemma 4.6 below.
Before giving the proof, however, we mention some immediate consequences of Theorem 4.1.

In the following, we write G(X) for the Grothendieck group of coherent sheaves on X.
When X is equidimensional (e.g. when X is an integral variety) the group G(X) comes
equipped with a filtration F •τ (X) ⊂ G(X) whose term F i

τ (X) is defined as the subgroup of
G(X) generated by coherent sheaves whose support has codimension-i or greater. Typically,
F •τ (X) is called either the topological filtration or the coniveau filtration of G(X).

Similar to our notation with the γ-filtration, we write grτG(X) for the graded group
associated to the topological filtration. If X is a smooth variety, then the group grτG(X) is
even a ring. This is because, for a smooth variety X, the group G(X) is isomorphic to the
group K(X) via the canonical morphism K(X) → G(X) sending the class of a locally free
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sheaf to the class of itself. Under this isomorphism, the group G(X) inherits a ring structure
for which the filtration F •τ (X) is multiplicative.

In one formulation, the Grothendieck-Riemann-Roch theorem without denominators (see
[MR071, Exposé XIV] or [FL85, Example 15.2.16]) is the statement that there exists both
a surjection of graded rings ϕX : CH(X) → grτG(X) for any smooth variety X, where
CH(X) is the Chow ring of cycles on X modulo rational equivalence, and a homomorphism
ci : grτG(X) → CHi(X) for any i ≥ 0 induced by the ith Chern class cCH

i : K → CHi, so
that for i > 0 both of the compositions on degree-i summands

ci ◦ ϕiX = (−1)i−1(i− 1)! and ϕiX ◦ ci = (−1)i−1(i− 1)!

are both multiplication by (−1)i−1(i− 1)!. Together with Theorem 4.1 this implies:

Corollary 4.2. Let X be a smooth and connected variety. For each integer i ≥ 0 there exists
a commuting diagram like the following one.

(Di)

Bi(X) CHi(X)

griγK(X) griτG(X)

biCH

biγ
biτ

Moreover, these commuting diagrams have the following properties:

(1) all of the arrows in the diagrams (D0) and (D1) are isomorphisms;
(2) if dim(X) ≤ 2, then every arrow of (D2) is an isomorphism;
(3) for any i ≥ 0, all of the arrows in (Di) become isomorphisms after tensoring with Q.

Proof. In the diagram (Di), the unlabeled vertical arrow is the degree-i summand ϕiX of the
surjection ϕX from the Grothendieck-Riemann-Roch without denominators; it follows from
this theorem that ϕ0

X , ϕ1
X , and ϕ2

X are isomorphisms while ϕiX has torsion kernel in general.
The unlabeled horizontal arrow is induced by the isomorphism K(X)→ G(X) described

in the paragraphs above the corollary statement. Indeed, when one identifies the two rings
under this isomorphism then there is an inclusion of filtrations F i

γ(X) ⊂ F i
τ (X) for all i ≥ 0.

For i = 0 or i = 1, the induced map on the associated graded groups is known to be an
isomorphism; if dim(X) ≤ 2, then this holds also for i = 2, see [Kar98, Proposition 2.14]. For
arbitrary i ≥ 0, this arrow is known only to have torsion kernel and cokernel, see [MR071,
Exsposé XIV, §4].

The arrows labeled biCH, biγ, and biτ are the maps guaranteed from the universal property
Proposition 2.1 of the functor B (with the caveat that one restricts to the category of smooth
varieties; see Remark 2.4). For each i ≤ 2, the map biγ is an isomorphism by Theorem 4.1.

For arbitrary i ≥ 0, the same theorem shows that the kernel of biγ is torsion. This implies

that the morphisms biCH and biτ are isomorphisms in each of the cases (1)-(3) as well. �

Remark 4.3. For general i ≥ 0, the maps biCH in the diagram (Di) of Corollary 4.2 need
not be injective or surjective. If i = 2, then it’s known that the map biCH is surjective but
not necessarily injective. As an example of a variety where b2CH has nontrivial kernel one can
take a Severi–Brauer variety X = SB(A) associated to division algebra A with ind(A) = p2,
for some odd prime p, that decomposes A = A1⊗A2 into the tensor product of two division
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algebras A1, A2 each of index p. In this case

B2(X) = gr2γK(X) = Z⊕ Z/pZ

contains nontrivial torsion because of [Kar98, Proposition 4.13] but, CH2(X) = Z is torsion
free by [Kar98, Proposition 5.3].

For an example of a smooth and projective variety X where the map biCH is not surjective
for some i > 2, one can take X = G/B to be the variety of complete flags contained in the
group O+(n) for any n ≥ 7 and with i = dim(X), see [MR071, Exposé XIV, §4, 4.5].

For an example where b3γ is not injective, one can take X to be a 4-approximation of the

classifying space BO+(2n+ 1) for any n ≥ 1. Indeed, by [KM19, Theorem 5.5] the map biCH

for this X is surjective for all i ≥ 0 (so that the γ-filtration and the topological filtration
coincide, see [KM19, Proposition 3.3 (2)]) but the map ϕ3

X is not an isomorphism.

Remark 4.4. Let X be a smooth and connected variety such that CH(X) is generated by
Chern classes. In this case, Theorem 4.1 can be used to recover the standard Grothendieck-
Riemann-Roch theorem without denominators [FL85, Example 15.2.16] for this X.

Indeed, if CH(X) is generated by Chern classes then the canonical morphism

grγK(X)→ grτG(X)

is an isomorphism, see [KM19, Proposition 3.3]. One can then check that the compositions

ci ◦ ϕiX and ϕiX ◦ ci
are both multiplication by (−1)i−1(i − 1)! by going around the outside of the commutative
square below

Bi(X) CHi(X)

griγK(X) griτG(X)

biCH

biγ ϕiXcBi ci

and applying Theorem 4.1

Now we return to the proof of Theorem 4.1.

Lemma 4.5. Let L1, ...,Li+1 be i + 1 invertible sheaves on some scheme P which can be
realized as a chain of projective bundles over X. Then

cBk

(
i+1∏
j=1

(Lj − 1)

)
= 0

inside of B(P ) for all 0 < k ≤ i.

Proof. We proceed by induction on the length i + 1 of the product. For our base case, we
observe that

cB1 ((L1 − 1)(L2 − 1)) = cB1 (L1 ⊗ L2 − L1 − L2 + 1)

= cB1 (L1) + cB1 (L2)− cB1 (L2)− cB1 (L1) + cB1 (1) = 0.

11



For our induction hypothesis, we assume the Chern class cBk of any product of such elements

of length i vanishes for all k ≤ i− 1. Let
∏i

j=1(Lj − 1) = [F ]− [G]. Then

cBt

(
i+1∏
j=1

(Lj − 1)

)
= cBt ((F − G)(Li+1 − 1))

=
cBt (F ⊗ Li+1)

cBt (G ⊗ Li+1)cBt (F − G)

=
cBτ (F)

cBτ (G)cBt (F − G)
(using τ = t

1+cB1 (Li+1)t
, c.f. Example 3.4)

=
cBτ (F − G)

cBt (F − G)

=
1 + cBi (F − G)τ i + cBi+1(F − G)τ i+1 + · · ·
1 + cBi (F − G)ti + cBi+1(F − G)ti+1 + · · ·

(by induction hypothesis)

= 1− icBi (F − G)cB1 (Li+1)t
i+1 + · · ·

as claimed. �

Lemma 4.6. Let L1, ...,Li be i invertible sheaves on some scheme P which can be realized
as a chain of projective bundles over X. Then

cBi

(
i∏

j=1

(Lj − 1)

)
= (−1)i−1(i− 1)!

i∏
j=1

cB1 (Lj)

inside of B(P ).

Proof. Expand the term cBi (F − G) in the last expression of the proof of Lemma 4.5. �

Proof of Theorem 4.1. Let x ∈ F i
γ(X) be an element of the ith piece of the γ-filtration on

K(X) for some i ≥ 1. The proof will be complete if we can show that there is a scheme
P , that can be realized as a chain of projective bundles over X, with the property that
the pullback of x to K(P ) can be written as a sum or difference of monomials of the form
(L1 − 1) · · · (Lj − 1) for some j ≥ i. Indeed, assuming that this is the case, there is a
commuting square

F i
γ(X) K(P )

Bi(X) Bi(P )

cBi cBi

where the horizontal pullback morphisms are injections. We find

cBt (x) = cBt

(
k∑

m=0

(
±

nm∏
j=1

(Lmj − 1)

))
=

k∏
m=0

cBt (
nm∏
j=1

(Lmj − 1))±1.

The latter factors vanish whenever nm > i by Lemma 4.5 while the latter factors are equal

1 + (−1)i−1(i− 1)!

(
±

nm∏
j=1

cB1 (Lmj)

)
ti + · · ·
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whenever nm = i by Lemma 4.6. Since

biγ(c
B
1 (Lj)) = biγ(−cB1 (L∨j )) = −biγ(cB1 (L∨j )) = Lj − 1,

where we use Remark 3.6 for the first equality, the proof is completed once we can show our
starting assumption.

To do this, we start by writing

x =
k∑

m=0

(
±

nm∏
j=1

γmj(xmj)

)
for some elements xmj in F 1

γ (X). Note that we can focus on a single monomial since, if we
prove that a monomial can be written in the desired way then the same fact follows for the
sum. So assume that there’s an expression x = γn1(x1) · · · γnj(xj) for some n1 + · · ·+nj ≥ i.
Each xk, belonging to F 1

γ (X), can be written as

xk = [F ]− [G] = [F ]− rk(F)− ([G]− rk(G))

for some F ,G that depend on k.
Now there is a scheme P which can be realized as a chain of projective bundles over X

such that each of the F ,G’s can be written

xk = [F ]− rk(F)− ([G]− rk(G)) = (L1 + · · ·+ Ln − n)− (L′1 + · · ·+ L′n − n)

with the (L)’s and (L′)’s depending on k still. Another way to say this is that we can find
such a P so that, for every k, we have an expression like

xk = (L1 − 1) + · · ·+ (Ln − 1)− (L′1 − 1)− · · · − (L′n − 1).

Finally, applying the operation γt =
∑

j≥0 γ
jtj we find

γt(xk) = γt

(
n∑
j=1

(Lj − 1)−
n∑
j=1

(L′j − 1)

)

=
γt

(∑n
j=1(Lj − 1)

)
γt

(∑n
j=1(L′j − 1)

)
=

∑
j≥0 σjt

j∑
j≥0 σ

′
jt
j

where σj is the jth elementary symmetric polynomial in the variables (L1 − 1), ..., (Ln − 1)
and similarly for σ′j with (L′1−1), ..., (L′n−1). Expanding this series in t we find that γmk(xk)
is a polynomial, homogeneous and symmetric in variables like (L − 1), of degree mk. But,
this completes the proof since we’ve shown that there is a scheme P which can be realized
as a chain of projective bundles over X such that x can be written in the desired form. �

References

[EH16] D. Eisenbud and J. Harris, 3264 and all that—a second course in algebraic geometry, Cambridge
University Press, Cambridge, 2016. MR 3617981

[FL85] W. Fulton and S. Lang, Riemann-Roch algebra, Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], vol. 277, Springer-Verlag, New York, 1985.
MR 801033

13



[Ful98] W. Fulton, Intersection theory, second ed., Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.
Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas.
3rd Series. A Series of Modern Surveys in Mathematics], vol. 2, Springer-Verlag, Berlin, 1998.
MR 1644323

[Kar98] N. Karpenko, Codimension 2 cycles on Severi-Brauer varieties, K-Theory 13 (1998), no. 4, 305–
330. MR 1615533

[KM18] N. Karpenko and E. Mackall, On the K-theory coniveau epimorphism for products of Severi-
Brauer varieties, Preprint (2018), Available on author’s webpage: https://sites.ualberta.ca/

~mackall/Preprints/Chern%20subring.pdf, 21 pages.
[KM19] N. Karpenko and A. Merkurjev, Chow Filtration on Representation Rings of Algebraic Groups,

International Mathematics Research Notices (2019), rnz049.
[Man69] J. Manin, Lectures on the K-functor in algebraic geometry, Uspehi Mat. Nauk 24 (1969), no. 5

(149), 3–86. MR 0265355
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