ON THE ALGEBRAIZABILITY OF FORMAL
DEFORMATIONS IN K-COHOMOLOGY

EOIN MACKALL

ABSTRACT. We study the higher direct image functors Rirw,F,
associated to any S-scheme 7w : X — S and any abelian sheaf F
on the big Zariski site of X, as sheaves on the big Zariski site of S.
We note that these functors and their sheafifications, on the big
étale and fppf sites over S, reflect the property of being locally of
finite presentation when 7 : X — S is quasi-compact and quasi-
separated. Our primary example, and interest in the remainder of
this article, are the functors R’ﬁr*lCn, x associated to either Milnor
or Quillen/Thomason K-theory sheaves.

We show that the functors Riw*lCm x associated to the Milnor
K-theory sheaves for n = 2,3, and their étale sheafifications, have
universal formal deformations when S is a scheme of finite type over
an algebraic field extension k/Q and when 7 : X — S has smooth,
proper, and geometrically connected fibers with some vanishing
Hodge numbers. When S = k is itself such a field, and if i = n = 2,
then we show that the algebraizability of these universal formal
deformations is a stable birational invariant of the scheme X.
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1. INTRODUCTION
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The problem of viewing the Chow groups of cycles on a given variety
as representable by a group scheme is very old, very subtle, and very
interesting. The first interesting case that was studied in great detail
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was the representability of the Chow group of codimension 1-cycles or,
what amounts to the same, the study of the Picard scheme of a variety.
Older approaches to representability, including Grothendieck’s original
construction of the Picard scheme, realized the Picard scheme as a
quotient of an open subscheme of a component of the Hilbert scheme,
see [Kle05] for a very detailed survey of the relevant facts.

Attempts to generalize these constructions to Chow groups of cycles
of higher codimension were largely stopped with the results of [Mum68]
where it was shown that the Chow group of codimension 2-cycles on
an arbitrary surface could not, in general, be described as the group of
rational points of an abelian variety in any natural way. Still, there were
deformation theoretic results, such as those obtained by Bloch [Blo75],
which showed that representability may still be achievable under some
assumptions on the given variety (in this case, the assumptions were
primarily the vanishing of certain Hodge numbers).

After the introduction of Bloch’s results on the deformation theory
of Chow groups of codimension 2-cycles, there was renewed interest in
analyzing the representability of Chow groups of higher codimension
cycles through the use of higher K-cohomology groups. Some of these
attempts involved trying to create natural transformations from or to
certain Hilbert schemes, see for example the work [Gra79] of Grayson.
This avenue of research, however, seems to have mostly stalled due to
the difficulty in constructing such natural transformations in general
(although, there has been some recent development and interest in
formal results in this direction, see [Yanl18] or [DHY18]).

Recently, Benoist and Wittenberg [BW19] have constructed a functor
using the K-theory of schemes (and, particularly, the graded object
associated to the gamma filtration) in order to prove representability
of the Chow group of codimension 2-cycles on a geometrically rational
smooth and proper threefold. Their method is interesting but, it would
be desirable to have a more flexible theory relying on a functor that can
be defined for a wider class of varieties (see their comments in [BW19,
Remarks 3.2] on the interest and difficulty in finding such a functor).

Surprisingly, at least to the author of the present article, there seems
to have been no attempt in the literature to analyze the representability
of higher K-cohomology groups with the use of Artin’s representability
criterion from [Art69]. The purpose of this article is to do exactly this,
in an attempt to find a more natural setting in which to study the
representability of Chow groups of higher codimension.

In this regard, we’ve had some success advancing the formal theory:
in Section 2 and Section 4 we give a detailed construction of higher
direct image functors RiW*ICm x, and their sheafifications in the étale
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topology, associated to a relative S-scheme 7 : X — S and to various
different K -theory sheaves on the big site of X; in Section 3 we then
show that the functors R"W*IC,L x are locally of finite presentation and
this allows us, when combined with some observations on effective pro-
representability in Section 5, to give new examples where the functors
R27r*IC27 x and their étale sheafifications have algebraizable universal
formal deformations (see Example 5.17).

One implication of our work, the idea behind which already appears
in the work of Benoist and Wittenberg, is that the representability of
codimension 2-cycles on a variety X should be determined by the stable
birational equivalence class of X. As evidence for this claim, we show in
Theorem 5.15 and Corollary 5.16 that for any variety 7 : X — k defined
over an algebraic field extension k/Q, the pro-representability, effective
pro-representability, and algebraizability of the functor R*m Ky x is a
stable birational invariant of X.

We try to work in a sufficient generality throughout the present text.
For example, we work whenever possible over an arbitrary base scheme
S and, although most of our contributions appearing in Section 5 use
only Milnor K-theory sheaves, we also make it a point to include both
Quillen K-theory and Thomason K-theory sheaves in our discussion in
Section 4. We find it especially important to include the latter since it
seems likely that natural transformations between higher direct image
functors associated to K-theory sheaves will more easily be constructed
using Quillen or Thomason K-theory than Milnor K-theory.

Acknowledgments. I'd like to thank Niranjan Ramachandran for
both bringing my attention to the problem of representability of higher
K-cohomology groups and for the many conversations that we’ve had
about this work during its genesis.

2. HIGHER DIRECT IMAGES

Let S be a fixed base and let 7 : X — S be an arbitrary S-scheme.
In this section we recall the explicit description of the higher direct
image functors R'r,F on the big Zariski site Sch/S associated to any
abelian sheaf F on the big Zariski site Sch/X. By construction, these
functors are the Zariski sheaves associated to the functor of S-schemes

T/S ~ H(X x5 T, Fx,)

which have appeared frequently in the literature when the sheaf F is

representable by a smooth group scheme, see e.g. [Oor62, AM77, BO21].
Note that, by [Sta2l, Tag 0213], any abelian sheaf F on the big

Zariski site Sch/S of a scheme S is determined by the following data
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(SC1) for every scheme T'/S, there is a specified abelian sheaf Fr on
the underlying topological space of T',

(SC2) for every morphism of S-schemes f : 7" — T, there is a chosen
morphism ¢y : f~ 1 Fp — Fpr,

which is, additionally, subject to the relations

(SR1) given two morphisms of S-schemes f: 7" — T and g: 7" — T,
there is an equality ¢, 0 g7 ¢f = Cog,
(SR2) if f: 7" — T is an open immersion, then ¢ is an isomorphism.

So, assume that F is an abelian sheaf on the big Zariski site Sch/X.
To define higher direct image functors Rim,F on the big Zariski site
Sch/S of S, we start by specifying the conditions (SC1) and (SC2).
We check after that (SR1) and (SR2) hold as needed.

2.1. Objects. Let T'/S be an arbitrary S-scheme and let 7 : Xp — T
be the map associated to T' by base change. For any such T'/S, we set

(1) (Riw*]-")T = R Fxp,
where R, Fx,. is the sheaf on T' associated to the presheaf assigning

to an open U C T the cohomology group Hi (7' (U), fXT|w;1(U))-

2.2. Morphisms. Let p:T" — T be any morphism of two S-schemes.
To give an associated restriction map

(2) ¢, p 'Rl Fx, — RiﬂT/*fXT,
is equivalent, by adjunction, to giving a map
(3) c RimrFx, — p*RiWT’*-FXT/-

We define ¢ via base change from the following commutative diagram.

XT/ p_x) XT

(4) | |

T LT
Specifically, note that there is a canonical morphism
(5) Fxr = px«Fxp

which, composing with higher direct images, yields a morphism

RZT('T*.FXT —0> RZﬂ'T*pX*JT"XT/-
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To get (3) we compose ¢y with the composition

Riﬂ-T*pX*FXT/ ﬂ} RZ (ﬂ-T © pX)* ‘FXT’

i ¢ i
R (/) © 7TT/)*‘F.XT/ —2> P*R 7TT’*-F'XT/

where the first and last arrows are edge maps in the relative Leray
spectral sequences for the two possible compositions X7 — T in (4).

More precisely, the morphisms ¢; above, for i = 0, 1,2, can be defined
as follows. We consider presheaves Fy, F1, F2 on T assigning to an open
U C T the cohomology groups

o Fo(U) = H(np (U), Fxxpl ozt 1)
o Fi(U) =H(n; (U), (Px5F %)z 1))
o Fo(U) = H'((7r 0 px) ™ (U), Fxplmropx) 1)
and a presheaf F3 on T" assigning to an open U’ C T" the cohomology
o F3(U") = Hi(W;,l(U/)a-7:XT/|7T;,1(U/))-
Writing (—)# for the sheafification of a presheaf, we have
Ff = RrrFxp, Fi = RrrdpxaFx,, ), Fy = R(mr o px).Fx,,

and .7::?E = Rimp F x,.- We will use the following commutative diagram
and the notation introduced in it.

X, (plu)x Xy

Xp ——— 2 5 Xy

T s T

The canonical morphism of (5) is compatible with the above maps
in the sense that there is a commuting diagram

ix Fxe — Jx pxFxp

| !

Fxy — (plv)x«Fx,,
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with the right vertical arrow an isomorphism when U’ = U x4 T". To
get the map ¢y, we consider an injective resolution Z, of (p|v)x+Fx,,
and an injective resolution J, of Fx, on Xy. Then there is a morphism
of complexes filling in the dotted arrow below, unique up to homotopy,

Fxy — To

N

(p|U)X*fXU/ — I,

which induces a unique morphism of cohomology
Hi(”;l(U>7fXT|XU) — Hl(ﬂ;l(U% (pX*fX’T) W;I(U)>

compatible with the restrictions of Fy and F;. The map ¢q is then the
associated map on sheafifications ¢y : .7--3éE — .7-"1# .

To construct ¢, we only need to construct morphisms on cohomology
(6) HZ(WEI(U)’ (pX*‘FXT/)lﬂ'qfl(U)) — Hi(ﬂd_"’l(U’)’ ‘FXT/ |7r,1f,1(U’))
which are compatible with the restrictions of 7, and F5. Let Z, be an
injective resolution for F X, on Xy and let J, be an injective resolution
for (p|v)x«Fx,, on Xy. Then there is a morphism of complexes filling
in the dotted arrow below, unique up to homotopy,

(plo) ¥ (plo) xsFxy — (plv)x To

|

fXU/ > I.

which gives a morphism Jo — (p|v)x«Ze by adjunction. Now the map
induced on cohomology of this morphism of complexes yields a map of
presheaves F; — JF5 which sheafifies to ¢;.

Lastly, we construct ¢,. For this we construct a map Fo — p.F3.
We get ¢o through the universal property of sheafification and the
canonical composition Fo — p.F3 — p*(ff). Noting that there’s an
equality 77, (p~H(U)) = (mropx)~1(U) for every open U C T, the map
Fo(U) = puF3(U) = F3(p~1(U)) is just the identity.

2.3. Relations. The system {R'mr.Fx,,C,}r, given by (1) and (2)
will act as the data of (SC1) and (SC2) for an abelian sheaf on the
big Zariski site of S. To confirm that this data does define such a sheaf,
we check the relations (SR1) and (SR2).

Proposition 2.1. Keep notation as above. Then the following is true
for the morphisms defined as in (2):
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(1) if f: T"—=T andg:T" — T are two morphisms of S-schemes,
then there is an equality c, 0 g~ cp = Cfog;

(2) if f:T" — T is an open immersion of S-schemes, then cy is
an isomorphism of sheaves on T".

Proof. We first prove part (1). We use the Cartesian diagram below.

XT” g_x) XT’ L} XT

(7) | | |

27 LT

To see that the equality ¢, 0 g ¢y = ¢fo4 holds in general, it suffices to
check that it holds on stalks; this will allow us to reduce the question
of equality of these maps to a statement about functorality on the level
of cohomology groups and, therefore, to the similar statement which
holds for the sheaf F by assumption.

Solet t € U C T be a point contained in an open subset U of T
We set U’ = f~1(U) and U” = (f o g)~'(U). The diagram (7) restricts
over these open subsets to the Cartesian diagram below.

Th(U") =2 7 (U) B 7 (U)

(8) lw yw lw

U 9 s U’ / >y U
Uy and I: of ‘FXT’ |7|' ')

—1 -1
ﬂ'T”( 7!
and Z, of Fx, |7T;1(U). There are then maps of complexes coming from

the adjunction of the conditions (SC2) for F:

Choose injective resolutions Z of Fx_, |

‘FXT|7T,;1(U) _—> I.

! l

(9) fX*«FX’TLr;}(U/) — Ix.T,

! |

I 9 F X ety — Fx.9x:14

i
Applying the global sections functor yields the canonical map
Hi(Wfl(U)7 ]:XT|7r;1(U)) - Hi(ﬂ;}(U”), FXpu |7r;,1,(U"))
which determines the morphism of sheaves ¢, 0 g~ 'c; at the stalk level.

The morphism ¢y, similarly comes from a map on cohomology and,
because of (SR2) for F, the two are equal.
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To prove part (2) it suffices to evaluate ¢ on stalks and note that, if
f:T" — T is an open immersion and fyx : X;v — Xp the map gotten
by base change, then fy'Fx, = Fx,, since F is a sheaf on the big
Zariski site of X. We leave the details to the reader. 0]

2.4. Higher direct images. We can now give the definition for the
higher direct image functors R'm,F, of an abelian sheaf F on the big
Zariski site Sch/X associated to an S-scheme 7 : X — S, as an abelian
sheaf on the big Zariski site Sch/S.

Definition 2.2. Let F be an abelian sheaf on the big Zariski site
Sch/X. For any ¢ > 0, we write Rim,F for the sheaf on the big Zariski
site Sch/S associated, by [Sta21, Tag 0213], to the following data:
(HD1) for any scheme T'/S, we take (R'm,.F)r := R'mr.Fx, as in (1),
(HD2) and, for any morphism p : 7" — T of S-schemes T and 77,
we take ¢, : p' Ry Fx, — R'mpn.Fx,, to be the morphism
defined as in (2).
That this data determines a well-defined abelian sheaf on the big Zariski
site Sch/S follows from Proposition 2.1.

Remark 2.3. It’s immediate to determine the explicit description of
the functor Rim,F : Sch/S — Ab on objects and morphisms of Sch/S
from the above data. For any scheme 7'/S, one has

R'n, F(T) = H)T, R'rr, Fx,)

and for any morphism p : 7" — T', the map R'm, F(T) — Rim, F(T") is
the canonical map

HY(T, R'rr.Fx,) — BT, R'npnFx,,)
gotten from the sheaf map ¢ of (3).
Remark 2.4. Note that if i = 0, then Ri7, F = 7, F.

Remark 2.5. In the following sections, we’ll be interested in a special
case of the above situation where one can say quite a bit more about
the associated restriction maps for these higher direct image functors.
In this remark, we suppose that 7 : X — k is a scheme over a fixed
base field k, and we let F be an abelian sheaf on the big Zariski site
Sch/X of X as before.

Let T' = Spec(S) be the spectrum of a local k-algebra (S, mg) and let
p:T" — T be an arbitrary morphism from a k-scheme 7". Then, since
T is a local scheme, there is an isomorphism between the global sections
functor, from the category of abelian sheaves on T' to the category of
abelian groups, and the functor taking the stalk of an abelian sheaf at
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the unique closed point corresponding to the maximal ideal mg C S.
Hence the associated map

R'm,F(T) =HYT, R'nrFx,) — HY(T', Rrp Fx,,) = Rim F(T")
is isomorphic with the composition of the homomorphism,
(10) H (X7, Fxp) = H (X1, pxaF ),

induced by the morphism of sheaves in (5) above, followed by the first
edge homomorphism

(11) H' (X7, px+Fx,,) = H (X7, Fx,,),
and, lastly, followed by the second edge homomorphism
(12) H' (X7, Fx,,) = HY(T", R'nr. Fx,,).

If T" = Spec(R) is similarly the spectrum of a local k-algebra (R, mp),
then the homomorphism (12) above is an isomorphism as well. In some
cases, i.e. with some assumptions on S and R, it’s also possible to show
that the first edge homomorphism (11) in the above is an isomorphism.

Lemma 2.6. Keep notation as above and assume that p : T — T is
the closed immersion associated to a surjective homomorphism S — R.
Then the edge homomorphism

Hi(XT7 pX*FXT,) — Hi(XTU ]:XT,)
from (11) is an isomorphism.

Proof. Under the assumptions of the lemma, the functor px. is known
to be exact. The claim now follows from the explicit description of the
edge homomorphism, see the paragraph following (6). U

The following lemma is not used in the rest of this text. However,
we include it here as it seems that it could be useful in the future.

Lemma 2.7. Suppose now that (R, mg) is an artinian local k-algebra
with residue field R/mg = k and assume that (S, mg) is a local k-algebra
with with S/mg = k as well.

Let p: T — T be a closed immersion associated to a surjective map
S — R and write ¢ : T — k for the structure map associated to the k-
algebra map k — S. We use the notation of the following commutative
diagram gotten from base change to X :

T " T % k.

~
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Then, for any abelian sheaf F on X+, the canonical homomorphism
(13) Hi(XT'J‘F) - Hl(X7 ¢X*/)X*-7:) — Hl(XTapX*f)
s an isomorphism.

Proof. Note that the composition ¢ o p is a universal homeomorphism
since the residue field of R is k ([Sta21, Tag 0152, Tag 04DF]), so that
the composition ¢x o px is a homeomorphism as well. In this way, we
can canonically identify the groups HY (X7, F) and HY(X, ¢x.px+F).
The latter map in (13) is then the first edge homomorphism associated
to the Leray spectral sequence for 7 o ¢x described in subsection 2.2.

To prove the claim, we’ll argue that for any abelian sheaf F on X7,
the higher direct images R'@x.(px«F) = 0 (on the small site associated
to the underlying topological space of X) vanish for every integer ¢ > 0.
The claim then follows from [Sta21, Tag 01F4].

Let x € X be any point. Then we can compute the stalk of the sheaf
Ri¢x.(px+«F) at z as the colimit, over all opens U C X containing z,

(R (px ) = i H(65 (U), (oo F)l gt o).
xelU

see [Har77, Chapter 3, Proposition 8.1]. Because x has a neighborhood
basis consisting of affine open subsets of X, we can restrict the set of
opens appearing in the colimit to only those opens which are affine.
The restriction map

H' (63 (U), (pX*f)Lb;(l(U)) — H(o3 (W), (PX*]'—)|¢;(1(W))

appearing in the above colimit, associated to the inclusion of affine
opens W C U, fits into the following the commutative diagram

H (631 (0), (T ) ——— H(O (W), (0. F )yt )

H(¢x (U), (px|vy)«(Fluy, ) —— H(ox" (W), (px|w )« (Flw, )

| |

Hi(UT/,.F|UT,) > Hi(WT/,.F|WT,>.

The vertical arrows in the top square are natural isomorphisms gotten
by base change for the given sheaves [Sta2l, Tag 0FN2J; the vertical
arrows in the bottom square are the canonical edge homomorphisms
which, by Lemma 2.6, are also isomorphisms.

Since W and U are affine, the maps Wy — Up are spectral and it
follows from both the above work and [Sta21, Tag 0A37] that there are
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isomorphisms

(R (px.F))a = lig ' (Up., Flu,) = H (2, Fl)
zcU
where Z = l.ﬂlUU X T" = Spec(Ox,, @ R), cf. [Sta2l, Tag 01YZ].
Since R is assumed to be an artinian k-algebra with R/mpr = k, the

ring Ox , @y, R is a local ring [Swe75]. But this implies that Z is a local
scheme, so that H(Z, F|z) = 0 for all i > 0 as desired. O

2.5. Sheafifications. If 7 : X — § is any S-scheme, then for any
abelian sheaf F on the big Zariski site Sch/X of X, and for any i > 0,
we've constructed the higher direct image functor R, F as a sheaf on
the big Zariski site Sch/S of S. If 7 is any topology on Sch/S finer than
the Zariski topology, then we get an associated sheafification (R'7,JF),
of R'm,F which is a sheaf for the 7-topology.

In this article, the topologies on the category Sch/S that we will
be primarily interested in are the fppf, étale, and Zariski topologies.
Associated with the canonical comparsions of the given big sites for
these topologies are natural comparison morphisms of functors

(14) Rm,F — (Riﬂ'*F)ét — (Riﬂ*]:)fppf'

Remark 2.8. If S’/ is any extension of S, then there is a commutative
square of morphisms of big Zariski sites

SCh/XSI E— SCh/S/

| |

Sch/X — Sch/S.

From this we get natural isomorphisms
(15) R'mg(Flxy) = (R'TF)|s
showing that formation of higher direct image functors is compatible
with changing the base (cf. [Sta21, Tag 0EYV] in the case i = 0).

If 7 is any topology on the category of schemes which is finer than
the Zariski topology, then the same is true for the sheafifications of the

higher direct image functors in the 7-topology. More precisely, there is
a commutative square of morphisms of sites

(Sch/S"), —— Sch/S’

| |

(Sch/S); —— Sch/S.
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Restriction along either of the horizontal arrows takes a sheaf to its
sheafification in the 7-topology [Sta21, Tag 0EWI], so

(16) (R'meu(Flxy)). = (R F)ls) = (R'mF):) |sr

by the functorality of restriction along the composition of morphisms
of sites [Sta2l, Tag 03CB]

3. LOCALLY OF FINITE PRESENTATION

In this section we fix a base scheme S and an S-scheme 7 : X — S.
Given any functor F': (Sch/S)% — Set and any inverse system {7 };c;
of schemes over S with inverse limit T, there is a natural map

(17) lig F(T3) — F(T).

Recall that such a functor F' is said to be locally of finite presentation
if the map (17) is a bijection for every affine scheme 7 over S that can
be written as an inverse limit 7" = lngZ of a filtered inverse system of
affine schemes {T;};c; over S.

Proposition 3.1. Suppose that 7 is quasi-compact and quasi-separated.
Let F be an abelian sheaf for the big Zariski site Sch/X and assume
that F is locally of finite presentation. Then, for any integer i > 0, the
higher direct image functors

R'm.F, (RmF)a, and (R'7.F)pps
are all locally of finite presentation.

Proof of Proposition 3.1. We will show, under the assumptions of the
proposition, that the ith cohomology functor on S-schemes

T/S — H(X x5 T, Fxy)

is locally of finite presentation. Then it follows directly from [Sta2l,
Tag 0490] that the fppf sheafification (R'T.F)ppy of this functor is
also locally of finite presentation. To get the same result for the Zariski
and étale sheafifications, one can observe that the proof in [Sta2l, Tag
0490] goes through virtually without change in these cases also, so that
Rim,F and (R'm,F)¢ are locally of finite presentation too.

So let {T; = Spec(A;), pjrj : Tjr = T;},es be afiltered inverse system
of affine schemes over S and let T' = Spec(A), with A = lim A;, be the
inverse limit considered as a scheme over S. For any index j € J, we
write p; : T'— Tj for the projection map. We start by noting that the


https://stacks.math.columbia.edu/tag/0EWI
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maps of (SC2), associated to any of the arrows py ; : T — T;, yield
a directed system of sheaves on X xg T

~1 —1
pj,XFXTj — pj’,X‘FXTj/ .
The colimit of this directed system admits a canonical morphism

(18) L= hgpji)l(]:XTj — -FXT
J

and the comparison map lim_ HY(X xg Ty, Fxr,) = HY (X xg T, Fx,)
factors via

ling H(X x5 Ty, Fy,) > H(X x5 T, £) = H(X x T, Fy).
J

Here the left arrow is the canonical isomorphism of [Sta2l, Tag 0A37]
and we are using the assumption that 7 : X — S is quasi-compact
and quasi-separated in order to realize the topological space X xg T
as a spectral space written as the limit of spectral spaces X xg T}
along quasi-compact, and hence spectral, maps, cf. [Sta21, Tag 08YF].
Therefore, to complete the proof, it suffices to show that the morphism
of sheaves in (18) is an isomorphism.

This is a claim that can be checked on stalks and, for any t € X xgT,
there are canonical isomorphisms

(hﬂ,pﬂl{}—){%‘) ghg,(pj}l(}—x%')t
J t J
~ (]—" )
Tr-l;l x pj,x (1)

o ligq]-“(Spec(Oij ix(®))
j
2 F(lim Spec(Oxy, p, <))
j

= F(Spec(Oxypt))
= ('FXT)t'
In the above we’ve used the locally finite presentation assumption on

F to go from line 3 to line 4, by taking the inverse limit of the system
of affine open neighborhoods containing p; x (t) to identify (F Xz, )psx (1)

and F(Spec(@XTj px(®)), as well as to go from line 4 to line 5. O

As an immediate corollary to Proposition 3.1, we get a computation
for the stalks of the Zariski and étale higher direct image functors:
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Corollary 3.2. Let m: X — S be quasi-compact and quasi-separated.
Let T/S be an arbitrary scheme over S, pick a point t € T, and choose
a geometric point t : Spec(QY) — T lying over t (i.e. the ring Q0 is an
algebraically closed field and t corresponds to an embedding r(t) C Q).
Let R = Spec(Ory) be the spectrum of the local ring Ory of t € T' and
let R*" = Spec(@%’}t) be the spectrum of the strict henselization O%’ft.
Then there are natural isomorphisms

(19) (R'm.F), = R'm,F(R) = H(Xg, Fx,)
and
(2()) (Rzﬂ*f) et = (Riﬂ*./—")ét (RSh) = Hi(XRsh, ‘FXRsh)

for any abelian sheaf F on the big Zariski site Sch/X of X which is
locally of finite presentation.

Proof. The isomorphism on the left in (19) is a direct consequence of
Proposition 3.1. To see the right isomorphism in (19), we note that

R'm.F(R) = H'(R, R'nr.Fxy)
and the right hand side is canonically H (X, Fx,,) since R is local.

For the equation (20) with étale sheaves we recall that, by definition,
the stalk at ¢ of any étale presheaf is computed as the colimit

(Riﬂ*}_)ét,i - hﬂ (Riﬂ'*F)ét v),
(Ua)

where the index runs over all étale neighborhoods (U, ) of ¢. We can
consider only affine schemes in the colimit without changing anything.
The isomorphism on the left of equation (20) now follows directly from
Proposition 3.1 and [Sta21, Tag 04GW].

By [Sta21, Tag 03PT], there is a canonical isomorphism

(R'm.F) = (R F)

where the right hand side is the stalk at ¢ of the Zariski sheaf considered
as an étale presheaf. As before, the right hand side here is Rim, F(R")
which, since R*" is local, equals H(X gen, F X e )- d

Remark 3.3. Let 7 : X — k be any scheme over a fixed base field k.
Let F'/k be any field extension of k. Then there are isomorphisms
R'm, F(F) =H(F, R'rp.Fx,) = H(Xp, Fx,).

If 7 is quasi-compact and quasi-separated, and if F is locally of finite
presentation, then letting F* denote a fixed separable closure of F
with absolute Galois group G = Gal(F*/F) we find (e.g. by applying
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[Mil80, Chapter II, Proposition 1.4] at the finite level and writing F*®
as a colimit) that

(Rm,F)et(F) = H(Xps, Fx,p. ) 9F.

Similarly, if (A, my4) is a local artinian F-algebra with residue field
A/my = F| then [Sta21, Tag 03SI] implies that

(Rim]:)ét(R/) = Hi(XR/IPS , .7'_XR/FS )GF

where R' = Spec(A). If (B, mp) is a second local artinian F-algebra
with B/mp = F which admits a surjection B — A of local F-algebras
then, because of Remark 2.5 and Lemma 2.6, the induced map

(R'm.F)a(R) — (R'm.F)a(R),

where R = Spec(B), is equivalent to the map gotten by taking Gp-
invariants of the canonical reduction map

H' (Xpper Fxp,,) = Hi(XR'FS,]‘_XR/FS)

induced by the sheaf morphism in (5).

4. K-THEORY SHEAVES

If r: X — S is any given S-scheme, then the primary examples of
abelian sheaves on the big Zariski site Sch/X that we’ll be interested in,
in this text, come from constructions in K-theory. There are three such
families of sheaves that we can define on Sch/X and each of them comes
from restriction, along the unique morphism of sites Sch/X — Sch/Z,
of families of sheaves defined on Sch/Z.

Specifically, for any integer n > 0 we’ll consider the nth Milnor,
Quillen, and Thomason K-theory sheaves on the big Zariski site Sch/Z;
we denote these sheaves by

(21) KA, /cfiz, and K,

respectively. We briefly recall how each of these sheaves is constructed,
in the subsections below, along with some of their natural compatibility.

4.1. Milnor K-theory. We handle the Milnor K-theory sheaves first.
For a commutative ring R, and for any integer n > 0, we write K (R)
for the degree n graded summand of the graded quotient ring

KM (R) = Tz(R*)/I,
where T7(R*) is the graded tensor Z-algebra of the group of units R*

and I C Tz(R*) is the homogeneous two-sided ideal generated by all
of those elements of the form a ® (1 — a) with both a and 1 —a in R*.


https://stacks.math.columbia.edu/tag/03SI
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For a scheme Y, we let KM, denote the abelian sheaf on the underlying
topological space of Y assomated to the presheaf

(UCY) ~ KOy (V)
with restriction maps induced by the restriction maps of the structure
sheaf Oy . For any n > 0, the sheaf IC%Z on the big Zariski site Sch/Z
is then that sheaf, specified by [Sta21, Tag 0213], with (SC1) given by

(IC%Z)Y = ’CrJ\L/,IY

for any scheme Y, and with (SC2) for a morphism p : Y’ — Y given
by adjunction of the canonical maps

M M
Ky = pyy

induced by the corresponding map of presheaves and the structural
morphism Oy — p.Oy. In this case the properties (SR1) and (SR2)
follow from the functorality of Milnor K-theory.

4.2. Quillen K-theory. Next, we define the Quillen K-theory sheaves
on the big site Sch/Z. Here there are two, a priori possibly different,
constructions of such sheaves for any integer n > 0. However, it turns
out that both constructions give the same result. Let Y be any scheme
let n > 0 be an integer, and consider the two presheaves ICQY and /C
on the underlying topological space of Y defined by the assocnatlons

open

(U " Y) w KQOy(U)) and (U

CY) - KQU)
respectively; here we are using the Quillen K-theory of rings for ICn v
i.e. the Quillen K-theory of the exact category of finitely generated
projective modules, and of schemes for leiz’{;, i.e. the Quillen K-theory
of locally free sheaves of finite rank, as defined in [Qui73].

Due to the equivalence between locally free sheaves of finite rank on
an affine scheme and finitely generated projective modules under the
corresponding ring, for any open U C Y there is an identification

K3 (0y(U)) = K2 (Spec(Oy (U)))

which, along with the canonical map of schemes U — Spec(Oy (U)),
produces a homomorphism

K20y (U)) = K2 (Spec(Oy(U))) — K9(U)

that extends to a natural transformation ICQT — ICQ The induced
map on sheafifications is an isomorphism, Wthh can be checked on the
level of stalks by [Qui73, Proposition 2.2] and [Qui73, Example, p. 104].

We write ICgY for either of these canonically identified sheaves on Y.


https://stacks.math.columbia.edu/tag/0213
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Now for any n > 0 we define the nth Quillen K-theory sheaf ’ng
on the big Zariski site Sch/Z by specifying, for the condition (SC1),

(/ng)y = ’C%?,Y

for any scheme Y. We also use, for the condition (SC2) for a morphism
of schemes p : Y’ — Y, the morphism given by adjunction of the
canonical morphism

ICS,Y — P*’CS,Y'
induced by the corresponding transformation of presheaves associated
to the structure map Oy — p.Oy. Conditions (SR1) and (SR2)
then follow from the functorality of Quillen’s K-theory.

4.3. Thomason K-theory. Lastly, we treat the Thomason K-theory
sheaves. As in the case of both Milnor and Quillen K-theory, for any
integer n > 0 the nth Thomason K-theory sheaf ICZ’Z on the big Zariski
site Sch/Z is gotten by specifying sheaves ICiy, for any scheme Y, so
that one can take
(’CZ,Z)Y = ]Cg,y

for the condition (SC1) of KT ,; the condition (SC2) will also come
naturally as the morphism given by adjunction of canonical maps

T T
]C Y — p*lcmy/

induced by a morphism of schemes p : Y/ — Y. Lastly, the conditions
(SR1) and (SR2) will both follow from the functorality of Thomason’s
K-theory.

We take, as the definition for the nth Thomason K-theory sheaf KT,
on the topological space underlying a scheme Y, the sheafification of

the presheaf
open

(U C Y)~ KIU)
which assigns to an open U C Y the nth K-group K!(U) which, by
definition, is the nth homotopy group of the K-theory spectrum of the
complicial biWaldhausen category of perfect complexes of finite Tor-
dimension in the abelian category of all chain complexes of Op-modules
with cofibrations the degree-wise split monomorphisms and with weak
equivalences being quasi-isomorphisms, see [TT90, Definition 3.1].

4.4. Restriction. For any integer n > 0 and for each of Milnor,
Quillen, and Thomason K-theory, i.e. for any of *x = M, Q), T, we write

(22) Z,X = ( Z,Z) | x
for the restriction of the Zariski sheaf IC;, ; to the big Zariski site Sch/ X
If now Y/ X is any X-scheme, then there is an equality (KC; )y = K y-.
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Noticeably, there is some overlap in our notation between the K-theory
sheaves on both the big and small Zariski sites of X but, this does not
seem to cause any confusion.

4.5. Locally of finite presentation. For any S-scheme 7 : X — 5,
and for any integer n > 0, each of the sheaves K}y, ICS x> and KT is
locally of finite presentation. This follows from the analogue of [Sta2l,
Tag 0490] for the Zariski topology, noting that each of the above three
functors is (the restriction of) the sheafification of a presheaf that is
locally of finite presentation (and also the restriction and sheafification
operations commute, cf. Remark 2.8).

For Milnor K-theory, local finite presentation of the given presheaf
is immediate from the definition; for Quillen K-theory this is due to
[Qui73, Example, p. 104] or [Qui73, Section 7, Proposition 2.2] and for
Thomason K-theory it follows from [TT90, Proposition 3.20].

4.6. Compatibility. For a fixed scheme X, and for any integer n > 0,
there are natural transformations of sheaves on the big site Sch/X
Q (n Y5 (n)

(23) o, D, e e er

and we summarize here what’s known about them. The transformation
w%(n) is defined at the level of rings: for any commutative ring R,
the direct sum of Quillen K-groups K?(R) = @,-, K?(R) has the
structure of a graded commutative ring and there is a homomorphism

R* = KM(R) — K?(R);

this homomorphism is natural in R and is an isomorphism whenever R
is local [Weil3, Chapter I1I, Lemma 1.4]. Multiplication in K@(R) then
induces a natural map from the tensor algebra Ty, (R*) to K2 (R) which,
due to both [Weil3, Chapter III, Lemma 5.10] and [Weil3, Chapter IV,
Example 1.10.1], induces group homomorphisms K (R) — K%(R).
This yields natural transformations of presheaves for any n > 0
(UCY) ~ (K)(Oy(U) = K20y (1))

which sheafify to the transformations ¥ (n).

The natural transformation 14 (n) is defined at the level of schemes:
for any scheme Y, the K-theory spectrum K"™¢(Y) of the complicial
biWaldhausen category of strictly perfect complexes in the category
of all chain complexes of Oy-modules, with weak equivalences being
quasi-isomorphisms and cofibrations degree-wise split monomorphisms,
has the property 7, (K"*¢(Y)) = K2(Y) by [TT90, Proposition 3.10].
For any integer n > 0, the inclusion of the category of strictly perfect
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complexes of Oy-modules into the category of perfect complexes of
Oy-modules with finite Tor-dimension induces a group homomorphism
KQ(Y) — KI(Y) that’s natural in Y. The natural transformations of
presheaves that result from these maps

(U °CY) s (KE(U) — KL (U))
sheafify to the transformations ¥5(n).

For every integer n > 0, the comparison wg(n) is an isomorphism.
This can be checked on stalks since, for any scheme Y and any affine
open subscheme U C Y, the map K@(U) — KI(U) is an isomorphism
[TT90, Corollary 3.9] since Oy itself is an ample family of line bundles.
The transformations ¥$(n) are also known to be isomorphisms if either
n < 1orn =2 and X has infinite residue fields. This is clear for n = 0,
it follows from [Weil3, Chapter 111, Lemma 1.4] for n = 1, and it follows
from [vdK77] in the case n = 2 (see also [NS89, Corollary 4.3]).

4.7. Examples. Let k be any field and fix a k-scheme 7 : X — k.
For some low values of the integers ¢ and n, one can often idnetify the
higher direct images R'7./C,, x with other, more well-known, functors.
We consider the cases where n < i < 1 below, and we write R’ﬁr,JCn, X
for any of the higher direct images associated to any of the (canonically
identified) K-theory sheaves on the big Zariski site of X.

To start, let Z5% be the constant sheaf on the big Zariski site of X
associated to the abstract group Z. There is a natural transformation

Zg( — Ko.x

induced, on the level of presheaves, by sending 1 to 1. One can check,
by passing to stalks, that this morphism is therefore an isomorphism.
Hence one also has an isomorphism W*Zg( = Ko x.

Remark 4.1. The functor Z& is representable by a group X-scheme
[Sta21, Tag 03P5] and, thus, Z% is also a sheaf in the étale topology.
Moreover, for any X-scheme Y — X, one can identify Z5 (Y') with the
group of locally constant functions from the topological space Y to Z.

Theorem 4.2. Let k be a field and let X /k be geometrically connected.
Then there is a natural isomorphism

71->i<ICO,X = Homk<_> Z)v

where we write Z: for the constant group k-scheme, locally of finite type
over k, associated to the abstract group 7.

Proof. Since X is geometrically connected we have that
Ko x (k) = H(X,Zy) = Z.


https://stacks.math.columbia.edu/tag/03P5
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Let 15 denote the positive generator for this group. For a k-scheme T,
we write 17 for the image of 1 under the induced homomorphism

W*]Coyx<k) — W*’CO,X (T)

associated to the structure map of T. Let Z{ be the constant presheaf
on the big Zariski site of k associated to the group Z. There is then an
induced natural transformation

Zz — W*’C()’X

sending the element 1 € Z2(T) to 11 € m.Ko x(T). Since the rightmost
functor is a sheaf for the Zariski topology, there is an associated natural
transformation

Zz — T *’CO,X
which identifies on a scheme T'/k with the map

Z)(T) = H(T, Zy) — H*(Xr, Zy,) = mKo x(T)

induced by projecting X7 — T. Since X is geometrically connected,
the projection X7 — T induces a bijection on connected components
[Sta21, Tag 0385] and, consequently, this map is an isomorphism. [

Remark 4.3. Assume that 7 : X — k is a separated and finite type k-
scheme. Then there exists an étale k-scheme 7y(X/k) with a canonical
faithfully flat map X — mo(X/k) having the property that, for any
field extension F'/k, the F-points of 7y(X/k) are in bijection with the
geometrically connected components of X [DG70, Ch. I, §4, n° 6].

The sheafification of the constant presheaf Zi’ro( X/k) associated to Z on
the big Zariski site for Sch/my(X/k) is representable [Sta21, Tag 03P5].
If Ziry(x/k) 1s the associated representing scheme for this functor, then
the Weil restriction Resx,(x/k)/k(Zro(x/k)), from mo(X/k) to k, exists as
a k-scheme [BLR90, 7.6, Theorem 4]. Moreover, for any k-scheme T'/k
there are natural identifications

Homy, (T', Resro(x/k) /k (Lo (x/1))) = Homrg (x/k) (Lo (X/8) s Limo(X/k))

and the latter set is canonically the set of all Zariski locally constant
maps from the space mo(X/k) X, T to the abstract group Z.

For any k-scheme T'/k, composition with the map X %, T" = Ty, x/k)
yields a map

Homk(T, Reswg(X/k)/k(ZTrQ(X/k))) — HO(XT>ZXT> = W*Ko,x (T)

As these maps are natural in the argument 7'/k, they define a natural
transformation between the functors Homy(—, Resry(x/k)/k(Zry(x/k)))
and 7,y x. One can then check that this natural transformation is an
isomorphism, cf. [BW19, Proposition 1.1].
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We next consider the Zariski sheaf of units G,, x on the site Sch/X.
The sheaf G, x is known to be representable by a group scheme which
we also denote by G,, x. We can canonically identify £y x with G,, x.

Theorem 4.4. Let k be a field and let m : X — k be a proper scheme.
Set A =H(X,Ox) and write S = Spec(A). Then the functor m.K; x
is representable by the group k-scheme Resg /(G s).

Proof. We first remark that, since A is a finite k-algebra as X is proper
[Sta2l, Tag 0206], the Weil restriction Resg/i(Gm,s) exists as a k-
scheme, see [BLRI0, 7.6, Theorem 4]. Now there exists a canonically
defined factorization of 7 into a composition

X4 9L
and we use this factorization to define a natural transformation
Ress/k(Gp,s) = TG x.-
For any scheme T'/k one has natural identifications
TG x(T) = Homx (Tx, G, x) = O (Tx) ™,
where Or, (Tx)* is the group of units of the ring Or, (Tx), and
Homy (T, Ress/u(Gpy,s)) = Homg(Ts, Gp,s) = Org(Ts)™.
We take as our definition of a natural transformation the map
TG, x (T') — Homy (T, Resg/k(Gm,s))

coming from taking global sections of the induced map Ory — ¢7.Ory .
But note that since X — S is proper, and T's — S is flat, the morphism
Ory — ¢7.Or, is an isomorphism [Sta21, Tag 02KH]. O

Lastly, we observe that due to the identification of Ky x and G,, x,
there is a canonical isomorphism between R'm,K; x and R'm.G,, x.
The latter of these sheaves is well-known to be isomorphic with the
relative Zariski Picard functor Picx k, (zar), see [Kle05, Remark 9.2.11].
If X is proper, then the Picard functor (R'm./Ci x) tppr = Picx/m(fopf)
is representable by a scheme locally of finite type over k, see [Mur64,
I1.15, Theorem 2] and also [Oor62].

More generally, if S is any scheme and 7 : X — S is an S-scheme
then Rlﬂ'*’CL x is still canonically identifiable with the Zariski Picard
functor Picx/s,(zer) by [Kle05, Remark 9.2.11]. Representability of the
sheaf (R'm.K1 x) pps has been studied in many places, see for example
[Art69, §7] and the end of [Kle05, §9.4] for a survey.
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5. EFFECTIVE PRO-REPRESENTABILITY

Let S be a fixed but arbitrary scheme and let F : (Sch/S)?? — Set
be any functor. For any field F', and for any F-point s : Spec(F) — S,
we write F|s : (Sch/F)% — Set for the restriction of F to Sch/F by s.
Given an element &, € F|s(F), one can define deformation functors

(24) Def¢, (Fls) : Artp — Set

from the category Artg, whose objects are all local artinian F-algebras
(A, mu) with residue field A/m4 = F and with morphisms between
two objects being local F-algebra homomorphisms, by setting

(25)  Defg, (F[)(A) = {€a € Fls(Spec(A)) : Fls(1)(€a) = o}

where ¢ : Spec(A/m) — Spec(A) is the closed immersion associated
with the canonical quotient.

The functor Defg (F|s) is said to be pro-representable if there is a
complete local noetherian F-algebra (R, mpg) such that the quotients
R/mY, are objects of Artp for all ¢ > 1 together with a natural bijection

(26) Defe, (Fs)(A) = Homigear pralg(R, A)

for all objects (A,m4) of Artp. For simplicity, we will also say that
the functor F is pro-representable if for every field F', for every finite
type F-point s : Spec(F) — S, and for every element &, € F|s(F') the
functor Defg, (F|;) is pro-representable.

Let Art r be the category whose objects are all of the local noetherian
F-algebras (A,my4) such that A is my-adically complete and A/m!, is
an object of Arty for all ¢ > 1; morphisms of this category are local
hon/lgmorphisms of F-algebras. The category Artr is a full subcategory
of Artr and there are two natural ways to extend the above functor of
deformations of &, to this larger category. First, we can simply consider
the restriction of F|, to this larger collection of rings which we denote

Def? (F|s) : Arty — Set;

these functors are defined identically with (25) but, for objects (A4, m4)

of the larger category Art P
Second, we can consider the completed functors

Defe, (F|) : Artp — Set
defined on a local F-algebra (A, my) of the category A/\r\tp by
Def¢, (Fls)(A) := lim Defe, (F|s)(A/m}),

with associated maps those that are canonically induced in the limit.
Note that, since the Hom functor commutes with limits in the second
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argument, the functor Def, (F|s) is pro-representable if and only if the
completed functor 5e\f§0 (F|s) is genuinely representable, i.e. Def¢, (F|5)
is pro-representable if and only if there is a complete local noetherian
F-algebra (R, mpg) of K\rtp and a natural bijection

(27) Defe, (F1.)(A) = Homigear poaig( R, A)
for all objects (A, my4) of Arty.

Remark 5.1. Let 7 : X — S be an S-scheme and let 7 be any topology
that is at least as fine as the Zariski topology on Sch/X. If F is an
abelian sheaf for the 7-topology then, because of Remark 2.8, a higher
direct image functor (R'm.F), is pro-representable if and only if for
every field F' and, for every finite type F-point s : Spec(F') — S, all of
the functors (R'm.(F|x.)), are pro-representable. In other words, the
pro-representability of a higher direct image functor is implied by the
pro-representability of the higher direct image functor of the fibers.

For any complete local noetherian F-algebra (A, my) of Art F, We say

that elements of the set ]5&50 (Fls)(A) are formal deformations of &
over A. A formal deformation is said to be effective if it is in the image
of the canonical morphism

(28) Def§, (F|s)(A) — Defeg, (FI,)(A).

As a final point of terminology, we say that F : (Sch/S)® — Set is
effectively pro-representable if for every field F, for every finite type F-
point s : Spec(F') — S, and for every element &, € F|s(F'), the functor
Def¢,(F|s) is both pro-representable and if the formal deformation of
&o associated to the identity, under the bijection from (27), is effective.

Lemma 5.2. Let F : (Sch/S)? — Set be given and suppose that F is
effectively pro-representable. Then for every complete local noetherian

F-algebra A of Artg, for every finite type F-point s : Spec(F) — S,
and for every element & € F|s(F'), the morphism of (28) is surjective.

Proof. Let R be the complete local Noetherian F-algebra representing

the functor ]ief\&)(]-"|s). Let A be as above and let £ € Defe, (F|s)(A)
be given. There’s then a morphism f : R — A so that the following

diagram commutes and with F|s(f)(idg) = &.

Defg, (F|,)(A) —— Defg,(F],)(4)

}‘s(f)T Fﬁ(\f)T

Def§ (Fl,)(R) — Defe,(F|,)(R)
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The claim now follows from the assumption that idp is effective. [

Lemma 5.3. Let F : (Sch/S)? — Set be a pro-representable functor
and suppose that for every field F, for every F-point s : Spec(F) — S
of S of finite type, and for every element & € F|s(F') the map

Deff, (F|,)(R) = Defe, (F|,)(R) = Defg, (F|,)(R/m%)

is surjective for (R, mpg) the complete local ring representing [/)e\f&) (Fls)-
Then F is effectively pro-representable.

Proof. The claim to be proved, in this notation, is that the universal
formal deformation of &, (i.e. the formal deformation associated to the
identity) is effective. However, under the assumptions of the lemma,
Artin has shown in [Art69, Section 1] the more general statement that
an arbitrary versal formal deformation of & is effective. O

5.1. Abelian functors. From now on, we fix an arbitrary field & (to
be used as a base) and we write F : (Sch/k)? — Ab for an arbitrary
functor valued in the category abelian groups. The following lemma
says that checking pro-representability of F can reduced to checking
at the identity element; the proof of the lemma is immediate from the
definitions, but we include it here for completeness.

Lemma 5.4. Let F/k be a finite field extension. Let Op € F(F) be
the identity of this group and let & € F(F) be an arbitrary element.
Then, if Dety, (F) is pro-representable, the functor Def¢(F) is pro-
representable as well.

Proof. For any complete local noetherian F-algebra (R, mpg) of /A/\?T.F,
there are natural homomorphisms F' — R — F', namely the F-algebra
map and the quotient map, which compose to the identity map on F'.
At the functor level, the induced maps

F(F) — F(Spec(R)) — F(F)
realizes a canonical inclusion F(F) C F(Spec(R)) which splits the

map induced by the quotient. Since morphisms in A/\r\tF are local, this
inclusion is independent of the choice of the ring R. More precisely,
given any ring map p : R — R’ between R and another object (R', mpg/)

of Artp, the following diagram commutes

F(F) —— F(Spec(R)) —— F(F)

| |70

F(F) —— F(Spec(R)) —— F(F).
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Suppose then that there is a complete local noetherian F-algebra R
and a canonical isomorphism of functors

DefOF (F)(_) = Homlocal F—alg(R7 _)

Subtracting £ € F(F) then yields a canonical isomorphism

Defe(F)(—) L2575 Defo, (F)(—) = Homioca p-atg( R, —)

as can be readily checked by evaluating the maps at any local artinian
F-algebra (A,my) of Artp. O

Checking the effectivity of pro-representability can also be reduced
to checking the appropriate claim at the identity element of the group.

Lemma 5.5. Let F/k be a finite field extension. Let Op € F(F) be
the identity of this group and let & € F(F) be an arbitrary element.
Assume that F is pro-representable. -

If the formal deformation associated to the identity map in Defq . (F)
18 eﬁ’gctive, then the formal deformation associated to the identity map
in Def¢(F) is effective.

Proof. Making identifications as in Lemma 5.4, the claim follows from
the commutativity of the square below

Defg, (F)(A) — Defo, (F)(A)
l&w&ﬁs lﬁw&ﬁf

Def$(F)(A) — Defe(F)(A)

for any complete local noetherian ring A of /&FCF Here the horizontal
arrows are the map from (28). O

5.2. Higher direct images of K-theory sheaves. Throughout this
subsection we study the pro-representability and the effective pro-
representability of the higher direct images R'm,/C, x associated to an
S-scheme 7 : X — S. Here we present our main result, Theorem 5.15,
which proves the effectivity of pro-representability in some new cases.
As a corollary to this theorem, and of the results above, we obtain an
algebraizability result for the higher direct image functors.

Proposition 5.6. Let k/Q be an algebraic extension of Q, let S/k be
a finite type k-scheme, and let m : X — S be a quasi-compact and
quasi-separated S-scheme. Then the following statements hold.
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(1) Suppose that, for every field F' and for every finite-type F'-point
s : Spec(F) — S, the fiber n71(s) = X, is a smooth, proper,
and geometrically connected variety satisfying

Hi(Xsa OXS) = Hi"rl(Xs’ OXS) = 0.

Then both R'm K3 and (R'm/Cy'x)e are pro-representable.
Further, these functors are pro-represented at s by the F'-algebra
R = F[[t1,...,t,]] where r = dimp H' (X, QX ).

(2) Suppose that, for every field F' and for every finite-type F-point
s : Spec(F) — S, the fiber n=1(s) = X, is a smooth, proper,
and geometrically connected variety satisfying both

Hi(XS7 OXS) = HZJrl(XS? OXS) = HZ+2(X37 OXS) = O
and also
H'(X,, Q%) = HT'(X,, Q%) = 0.

Then both RiW*ICé\fX and (Riﬂ'*,Cé\{X)ét are pro-representable.
Further, these functors are pro-represented at s by the F'-algebra
R = F[[t1,...,t,]] where r = dimp H' (X, Q% ).

Proof. Tt suffices, by Remark 5.1, to prove the same claim for the each
of the fibers. In this way, we reduce to the case where the base scheme S
is a field which, by abuse of notation, we call k. We write 7 : X — k for
the structure map and let F'/k be any finite field extension of k. We first
prove the claim of (1) only for the functor RiW*ICS{X. Then, separately,
we give an analogous proof for the étale sheafification (Riﬂ'*ICé\j[X)ét.
The proof of the claim in (2) will be similar.

By Lemma 5.4, it suffices to check that the functor of deformations
Defy, (R'm, K3 ) of the identity 0p € R'm, K} (F) is pro-representable.
Now it’s an immediate consequence of the construction of the higher
direct image functors, see Remark 2.5, that the deformation functor
Defo, (R'm./K3") : Artp — Set is isomorphic to the tangent functor

T ¢ Artp — Set defined by
T A) = ker (H (X, K3y, ) — H(Xp, K3y )

where T' = Spec(A) is a local artinain F-algebra with residue field F.
With the given assumptions on X, the latter functor was shown to be
pro-representable by Bloch in [Blo75] where, moreover, it was shown
that there is a natural isomorphism 7¢*(A) = H (X, Q%,) ®pmy for
the maximal ideal m, of A.

Similarly, as a result of the description of Remark 3.3, the functor of
deformations Defy, ((R'm.K3' ) &) of the identity 0p € (R'm 3’ )er(F)
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is canonically isomorphic to the functor 9)?3% : Artp — Set defined by
T (A) = ker (H'( Xz, K3' )97 — H (Xps, K3, )9)

where F* is a fixed separable closure of F', where Gp = Gal(F*/F) is
the absolute Galois group, and where 7" = Spec(A ®p F*). Now the
result again follows from Bloch’s result in [Blo75] and, further, there is
a canonical identification F3*(A) = =%ézet(A)

The same idea works to show the claim of (2), using the main result
of [Mac23] and the functors 75° defined there. O

Example 5.7. Let k£ be an algebraic extension of Q and suppose that
7 : X — k is a smooth, proper, and irreducible surface with geometric
genus p,(X) = dim H°(X, Q%) = 0. Then the assumptions of (1) hold
for i = 2, hence both R*m, K}y and (R*m,K}’y )¢ are pro-representable.
If, moreover, H' (X, Ox) = 0 then this pro-representability is trivially
effective since in this case H*(X, Q%) = 0.

Example 5.8. Let k£ be an algebraic extension of QQ and suppose that
m : X — k is a smooth, proper, and irreducible threefold with both
H3(X,Ox) = 0 and H?(X, Ox) = 0. Then the assumptions of (2) hold
for i = 3, hence both R37T*IC§,4X and (Rgﬂ-*’(:é\{x)ét are pro-representable.
If, moreover, H' (X, Ox) = 0 then this pro-representability is trivially
effective as well since in this case H3(X, Q%) = 0.

Example 5.9. If k£ is an algebraic extension of Q and if 7: X — k is
a smooth, proper, and irreducible scheme such that the Chow motive
of X is a direct sum of Tate motives, then the Hodge numbers h?¢ = (
vanish for all (p, ¢) with p # ¢, cf. [Tot16, Theorem 4.1]. More generally,
to get vanishing of the Hodge numbers it is sufficient to assume that
the motive of Xy over an algebraic closure F' = Q is mixed Tate [Tot16,
Corollary 7.3]. This gives examples where both (1) and (2) hold.

Example 5.10. Over an algebraic closure Q of Q, there are smooth
and proper threefolds that are both irrational and unirational, see
[AMT72]. For such varieties the assumptions of (1) hold for any i > 1 by
[ACTP17, Proposition 1.11 and Proposition 1.8]. Moreover, because of
[ACTP17, Theorem 1.4], for any such threefold X there exists a field
F/Q with ker(deg : CHo(Xy) — Z) # 0.

Remark 5.11. The following observation will be used often below.
Suppose that k is a field and R = k[[t1, ..., t,]] is a ring of formal power
series over k in finitely many variables. Let X be a smooth scheme,
geometrically connected and quasi-compact over k. Then the product
X" = X Xy, Spec(R) is a connected, regular, and excellent Noetherian
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scheme of finite Krull dimension. Indeed, if U = Spec(B) is an affine
open subset of X, then B is a finitely generated k-algebra and B®; R is
Noetherian by Hilbert’s basis theorem. Thus X’ is locally Noetherian
and the composition X’ — Spec(R) — k is quasi-compact, so X' is
locally Noetherian and quasi-compact, hence Noetherian.

Since X is geometrically connected and R is integral, it follows that
X' is connected, [Sta21, Tag 0385]. One can compute the dimension
of X’ in terms of the dimension of X and R, [Sta2l, Tag 0AFF]; note
that this also gives a bound for the dimension of the local rings of X’,
[Sta2l, Tag 04MU]. Excellence of X’ follows from [Sta2l, Tag 07QW].

To see that X’ is regular, let € X’ be a point. Let y € Spec(R)
be the image of the point x under the projection X’ — Spec(R), and
write m, C Ogpec(r),y for the maximal ideal of the local ring at y.
The induced ring map Ospec(r),y — Ox' is both local and, since X is
smooth, flat. Since there exists a canonical isomorphism

OX’,z/myOX’,m = OX_,;,z?

between the fiber over y of the local ring of  in X’ and the local
ring of x in the fiber over y, and since X is smooth, the local ring
OXH = Ox2/myOxi, is regular.  As Ogpec(r),y is also regular, it
follows from [Mat86, Theorem 23.7] that Ox, is regular too.

In particular, the Gersten conjecture for Quillen’s K-theory [Pan03,
Theorem A], and the Gersten conjecture for Milnor K-theory [Ker(9,
Theorem 7.1] when & has enough elements, are both known to hold for
the local rings of X'.

Lemma 5.12. Fiz an algebraic extension k/Q and let m: X — k be a
smooth, proper, and geometrically connected scheme. Let £ be a finite
rank locally free sheaf on X and ¢ : P(E) — k be the structure map of
the associated projective bundle. Then RZW*IC%X 18 pro-representable
(resp. effectively pro-representable) if and only if R2<p*IC%P(5) s pro-
representable (resp. effectively pro-representable).

The above statement also holds replacing all Zariski sheaves with
their étale sheafifications.

Proof. Tt suffices to work only over the base field k, noting that k/Q is
arbitrary. Note that RQW*IC%X is pro-representable if and only if

(29) H*(X,0x) = H}(X,0x) =0

by [Blo75, Theorem (0.2)] and Lemma 5.4. Now (29) holds if and only
if there is the vanishing of cohomology

H(P(E), Ope)) = H}(P(E), Ope)) = 0


https://stacks.math.columbia.edu/tag/0385
https://stacks.math.columbia.edu/tag/0AFF
https://stacks.math.columbia.edu/tag/04MU
https://stacks.math.columbia.edu/tag/07QW
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which holds if and only if R2g0*IC%(5) is pro-representable by [Blo75,
Theorem (0.2)] and Lemma 5.4 again. We note that the same is true
for the étale sheafifications of these functors.

Let R = kl[[t1, ..., t,]] be a power series ring in finitely many variables
with maximal ideal mg. Set S = Spec(R) and S; = Spec(R/mb).
Then, by Remark 5.11, the Gersten conjecture holds for the local rings
of both Xg and P(€)g so that

H?(Xs, Ky',) = CH?(Xs) and H*(P(€)s, Kipe),) = CH*(P(E)s)

where for any equidimensional k-scheme Y we write CH?*(Y) for the
group of codimension-2 cycles on Y modulo rational equivalence.

Now let 0 € R?m, K3 (k) be the group identity and suppose that
Defo, (R*m.K3'y) is pro-representable. Then by [Blo75, Theorem (0.2)],
the functor Defy, (R*1,K}x) is isomorphic to the functor assigning to
an artinian local k-algebra (A, m4) the k-vector space H?(X, QL )®@,ma.
Thus there is a commutative diagram as below.

0 — Def§, (R*m K3 )(R) ——— CH*(Xs) ——— CH*(X) — 0

| ! H

0 — H2(X, Q%) @ mp — lim, H3(Xs,, K, ) — HA(X, K}) — 0

Here the surjectivity of the bottom row follows from [Sta21, Tag 0598].
Similarly, there is a commutative diagram for P(€) as so:

0 — Deff, (R*0. K3 (R) ——— CH*(P(€)s) ————— CHX(P(E)) —— 0

| | H

0 — HX(P(E), Qpe)) @k mp — lim, HZ(IP(S)S”}C%(‘E)&) — B (P(E), K5 — 0.

The bottom rows in the diagrams above are canonically right-split
by the pull-back along the structure maps for X and P(E) respectively.
Using the projection map P(£) — X, the two diagrams above can be
compared (via pull-back) and this comparison respects these splittings.
If the rank of £ is 1, then the comparison is an isomorphism everywhere.
Otherwise, if the rank of £ is greater than 1, then there is a diagram
of corresponding cokernels:

0— Defgk(PiCX/k’,(Zar))(R) E— PIC(Xs) PA—— PIC(X) PA—0

| J

0 — HYX,0x) @pmp — @tHl(Xst,nyst) — H'Y(X,K) — 0.


https://stacks.math.columbia.edu/tag/0598

30 EOIN MACKALL

Here the nonzero column on the right (and the middle object in the
top row) can be identified with use of the projective bundle formula
(and we have A = 0 if rank(£) = 2 and A = Z if rank(E) > 3); the
identification of the top-left object follows from this. The identification
of the bottom-left object seems to be well-known, and the middle term
in the bottom row can be identified using these facts together with the
splittings of the bottom rows of the two previous diagrams.
Altogether, this gives a commutative ladder with exact rows:

0 — Deff (R*m. K3 )(R) — DefSk(R2<p*lC%P(5))(R) — Defg (Picx/k,(zar))(R) — 0

| | |

00— I‘IQ(,}(7 Qk) R mp —> H2(P<5)7Q§>(£)) R mp — I‘Il(.Xv7 Ox) ®Rrmrp — 0.

Here the rightmost vertical arrow is an isomorphism by Grothendieck’s
existence theorem, cf. [Sta21, Tag 089N]. Therefore, if either the left
or the middle vertical arrow is a surjection, then the other is as well.
By varying the power series ring R, it follows from Lemma 5.2 and
Lemma 5.5 that R27T*IC§74X is effectively pro-representable if and only
if R2@*K¥P(€) is effectively pro-representable. The analogous theorem
for the étale higher direct image functors is proved similarly by noting
that, in each of the above diagrams, all splittings descend to Galois
invariants. U

Remark 5.13. Lemma 5.12 has the following natural generalization.
Assume that R*mJC}'y is pro-representable for all integers k with
0 < k <n (resp. that these functors are effectively pro-representable).
Then the functor R”go*lC%)( g) 18 pro-representable (resp. effectively pro-
representable). Conversely, if for an integer n > 0 each of the functors
R”gp*/C%P(g) and Rkﬂ*lC,i‘{X are pro-representable (resp. effectively pro-
representable) for all integers k& with 0 < k& < n, then R”W*IC%X is
pro-representable (resp. effectively pro-representable). There is also a
natural étale version of this generalization.

For n = 0 and n = 1, the above statement is true and the proof
follows lines similar to the proof of Lemma 5.12. When n = 2, this
statement is the content of Lemma 5.12. For n > 3, the proof of this
statement seems out of reach at the moment.

Lemma 5.14. Fiz an algebraic extension k/Q and let 7 : X — k be
a smooth, proper, and geometrically connected scheme. Let Z C X be
a smooth subscheme of X and let ¢ : Blz(X) — k be the structure
map of the blow-up of X along Z. Then R27T*IC§fIX is pro-representable


https://stacks.math.columbia.edu/tag/089N
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(resp. effectively pro-representable) if and only if RQgO*ICé‘?BIZ(X) 1S pro-
representable (resp. effectively pro-representable).

The above statement also holds replacing all Zariski sheaves with
their étale sheafifications.

Proof. As in the proof of Lemma 5.12, R%JCS& is pro-representable
if and only if

(30) H*(X,0x) = H¥(X,0x) =0

by [Blo75, Theorem (0.2)] and Lemma 5.4. Now (30) holds if and only
if there is the vanishing of cohomology

HQ(BIZ(X), OBIZ(X)) = HB(BIZ(X>> OBlz(X)> =0

(see e.g. [CR11] or [RYYY22]) which holds if and only if R*@. )% )
is pro-representable by [Blo75, Theorem (0.2)] and Lemma 5.4 again.
We note that the same is true for the étale sheafifications.

For the effectivity statement of the lemma, it suffices to assume
codimy(Z) > 2. As before, let R = k[[t1,...,t.]] be a power series ring
in finitely many variables with maximal ideal mg. Set S = Spec(R).
We write N, z/x for the normal sheaf on Z of the inclusion Z C X and
we write © : P(Nz/x) — X for the associated projective bundle map.
There’s an isomorphism Pic(P(Nz/x)) = ©*Pic(Z) @ Ze1 (Opw,, ) (1))
By the blow-up formula for regular embeddings [Ful98, Proposition 6.7
(e)] there is an exact sequence

0 — CH*(X) — CH*(Blz(X)) — Pic(P(Nz/x))/A — 0

where A = 0 if codimx(Z) > 2 or, if codimyx(Z) = 2, then A is the
infinite cyclic subgroup generated by ©*ci(Nz/x) + c1(Opa, ) (1))
Since Remark 5.11 applies to the triple (Xg, Zs, Blz,(Xs)) and, due to
[Sta21, Tag 0E9J], the blow-up formula also provides an exact sequence

0 — CH?*(Xg) — CH?(Blgy(Xs)) — Pic(P(Nzy/xs))/As — 0

with Ag characterized by the codimension of Z C X similarly.
If codimy (Z) = 2, then pulling back induces isomorphisms

PlC(Z) = PlC(P(Nz/X»/A and PIC(Zs) = PiC(P(NZS/XS))/AS.

Now, regardless of the codimension of Z in X, the above sequences on
Chow groups produce an exact sequence

0 — Deff, (R*m.3%)(R) — Defék(sz*lCé‘glz(X))(R) — Def(, (Piczsk,zar))(R) — 0.


https://stacks.math.columbia.edu/tag/0E9J

32 EOIN MACKALL

If either of RZW*IC%( or R%@ICQ?BIZ( x) are pro-representable, then pulling
back along the map Bl (X) — X induces an exact commutative ladder

0 — Def§, (R*m KA\ )(R) — Def§ (R0, K3, ) (R) — Def§, (Picz/izar)(R) — 0

| ! !

00— HZ(X, Qﬁ() R Mg — H2(B12(X>7Q]1312<X)) R Mp — HL(Z Oz) R Mp — 0.

The rightmost vertical arrow is an isomorphism. Hence, if either of the
left or the middle vertical arrows were surjective, then the other would
be as well. This allows us to conclude as before. U

Theorem 5.15. Fiz an algebraic extension k/Q and let mx : X — k
and my 'Y — k be two smooth, proper, and geometrically connected
k-schemes. Suppose that X and Y are stably birational over k.

Then (R*mx. K3 ), is pro-representable (respectively effectively pro-
representable) if and only if (R*my, k3% ), is pro-representable (resp.
effectively pro-representable) for either T = Zar, ét.

Proof. This follows immediately from Lemma 5.12, Lemma 5.14, and
the Weak Factorization theorem over k, [Wlod09, Theorem 0.0.1 (1)].
Namely, suppose (R*m X*Ké‘f[X)T is either pro-representable or effectively
pro-representable and let oy : X X P" — k and ¢y : Y X P* — k be
birationally equivalent k-schemes for some r, s > 0.

Then the higher push forward functor (R?¢ X*ICS{XXPT)T is either pro-
representable or effectively pro-representable because of Lemma 5.12.
Any birational equivalence between the two schemes X x P" and Y x P*
can be factored into a sequence of blow-ups and blow-downs, by the
Weak Factorization theorem, so that this implies (RQ@Y*IC%YXPS)T is
then pro-representable or effectively pro-representable by Lemma 5.14.
We can then conclude that (R27ry*lC§f[Y)T is also pro-representable or
effectively pro-representable by use of Lemma 5.12 again. U

Let F : (Sch/k)° — Set be an effectively pro-representable functor.
Let F'/k be a finite field extension and let s : Spec(F) — Spec(k) be the
corresponding F-point. Then for any &, € F|s(F), there is a complete

local F-algebra (R, mp) so that the functor ]Se\f&) (F|s) is representable
by the F-algebra R. Moreover, the universal formal deformation of &,

corresponding to the identity of R is in the image of the canonical map
Defe, (Fls) (1) = Defg, (F|s)(R)

described in (28).

For any complete local F-algebra (A, my) of the category /&Ftp, we
say that a formal deformation &4 of & over A is algebraizable if there
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exists a finite type F-scheme X, a closed point = € X with k(z) = F,
an element £ € F|s(X), and an isomorphism @X@ = A between the
completion of Ox , with respect to the maximal ideal m, C Ox, and
A such that £ induces 4, i.e. the image of £ under the map

Fls(X) = Fls(Spec(Ox o /my))

coincides with the image of £4 for all ¢ > 1.

We say that the functor F is algebraizable if for any triple (F| s, &)
as above, the universal formal deformation of & corresponding to the
identity is algebraizable. As a consequence of Artin’s Algebraization
Theorem [Art69, Theorem 1.6], a sufficient condition for an effectively
pro-representable functor F to be algebraizable is that F is locally of
finite presentation. Thus, as an immediate corollary to Theorem 5.15,
Proposition 3.1, and Artin’s theorem we get:

Corollary 5.16. Fiz an algebraic extension k/Q and let mx : X — k
and Ty 'Y — k be two smooth, proper, and geometrically connected
k-schemes. Suppose that X and Y are stably birational over k.

Then, for either T = Zar or ét, (R2WX*K¥X)T is algebraizable if and
only if (RQWY*ICQ{Y)T is algebraizable. O

Example 5.17. In [BW19], Benoist and Wittenberg construct a group
functor CH% Ik, fops» defined on the category of quasi-compact and quasi-
separated k-schemes, for any smooth, proper, geometrically connected
threefold X over a field k such that the map deg : CHy(Xp) — Z is
an isomorphism for every field extension F/k. The functor CH% Ik, fopf
is thought of as an analogue of the Picard functor for codimension
2-cycles and admits an isomorphism

CH?X/k,fppf (E) = CH2 (XE)

for any algebraic closure k/k. The authors are able to show that for
geometrically rational X, the group functor CH% Ik, fppf 1S TEpPresentable
by a smooth group scheme CH§< /i over k.

While Theorem 5.15 and Corollary 5.16 don’t show representability,
they are close in the sense that they can be used to verify conditions
0], [1] and [2] of Artin’s representability criterion [Art69, Theorem 4.1]
for the functors (R*m, K}y )¢ in a handful of new cases. (To fully prove
that (R27T*IC§,4X)ét is representable by a group k-scheme, there is still
condition [3], on relative representability, that needs to be checked.)

Compared to Benoist and Wittenberg’s construction, our results can
also be applied to schemes which do not have a universally trivial Chow
group of dimension 0-cycles. For example, if S is an Enriques surface
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defined over Q, then it follows from Theorem 5.15 that (R%JCQ?X)& is
algebraizable for the associated threefold product 7 : X = S xP! — Q.
However, by Theorem [ACTP17, Theorem 1.4] and the remarks under
[ACTP17, Proposition 1.8], the Chow group of dimension 0-cycles on
X is not universally trivial.
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