TWISTED HILBERT SCHEMES AND DIVISION
ALGEBRAS

EOIN MACKALL

ABSTRACT. Let £°/S be any Severi-Brauer scheme of constant
relative dimension n over a Noetherian base scheme S. For each
polynomial ¢(t) € Q[t], we construct a scheme H11b¢(t)(% /S)
that fppf locally, on a cover S’/S splitting £°/S, is the Hilbert
scheme Hilb ;) (Z’s//S’) of the projective bundle 25/ /S’.

We then study curves of small degree on a Severi—Brauer variety
in order to analyze examples. Our primary interest, in the case that
X is the Severi—Brauer variety associated to a central simple k-
algebra of degree n > 2, over a field k, is the subscheme Ell,, (X) of
Hilb!} (X/k) parametrizing curves that are smooth, geometrically
connected, and of genus 1.
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1. INTRODUCTION

This work originated from the idea that one could study deformations
of curves on a Severi-Brauer variety to obtain algebraic information on
the structure of the associated central simple algebra. Specifically, this
work was an attempt to implement the following program:

(Step 1) for each polynomial ¢(¢) of Q[t], construct a variant of the
Hilbert scheme parametrizing closed subschemes of a Severi—
Brauer variety X with Hilbert polynomial ¢(¢) geometrically;
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(Step 2) for a fixed polynomial ¢(t) = rt + s, classify possible curves
C C X defined over the ground field with Hilbert polynomial
¢(t) over a splitting field for X;

(Step 3) construct a rationally defined deformation of an irreducible
curve C' C X with this Hilbert polynomial to a curve C* C X
having the same Hilbert polynomial, and which, additionally,
is geometrically a union of rational curves;

(Step 4) study the action of the absolute Galois group on the geometric
irreducible components of C* to obtain specific restrictions on
the possible Galois splitting fields of X.

In this paper, we complete (Step 1) in much broader generality and we
provide some initial analysis in (Step 2) for specific cases pertaining to
curves of minimal degree in a Severi-Brauer variety.

To be precise, we prove in Section 2 (culminating in Theorem 2.5)
that for any polynomial ¢(t) € Q[t], and for any Severi-Brauer scheme
Z' /S of relative dimension n over a Noetherian base scheme S, there
exists a scheme Hilby, (27/S) parametrizing subschemes of 2" that
are flat and proper over S with Hilbert polynomial ¢(t) over any fppf
splitting S’/S for Z7/S. It turns out that, with only minor changes, one
can adapt the proof of representability for the usual Hilbert scheme of a
projective bundle to this generalized setting of Severi-Brauer schemes.

We then turn, in Section 3, to the study of those Hilbert schemes
Hilbg’(vt) (X/k), for a Severi-Brauer variety X over a fixed field k, that
are associated to linear polynomials ¢(t), i.e. to those Hilbert schemes
parametrizing subschemes consisting of either curves or curves-and-
points. In some cases of minimal degree subschemes, we get very precise
information (e.g. in Example 3.11 we give a satisfying picture for the
components of HilbLy (X /k), for a Severi-Brauer variety X associated
to a degree 5 division algebra, that can possibly have a rational point).

Of particular interest, to the author, is the subscheme Ell,(X) of
Hilb"} (X /k) parametrizing smooth and geometrically connected curves
of genus one in a Severi-Brauer variety X of dimension n—1. It follows
from a result of Ein [Ein86] that Ell,(X) is geometrically irreducible of
dimension n? (see Proposition 4.3). For the program outlined above,
we also observe that, when X is associated to a division algebra of
prime index n = p > 2, the only geometrically reducible curves C' C X
appearing in the same component Ell,,(X) and defined over the ground
field are, geometrically, p-gons of lines (Lemma 3.12).

If one could carry out (Step 3) of the above program, then one could
use this latter observation to degenerate a smooth curve C' C X of
prime degree p and of genus 1 (when one exists) to a curve which is a
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geometrically reducible p-gon of lines. This p-gon contains a point of
degree p splitting X (the singular point) and the Galois closure of the
residue field of this point has Galois group admitting a quotient that
is a transitive subgroup of the automorphism group of the p-gon, i.e.
either the cyclic group Z/pZ or the full dihedral group D,. With some
minimal assumptions this implies that the underlying division algebra
is cyclic (i.e. if p < 7, if the characteristic of k is zero, and if k contains
a pth root of unity, see [RS96, Theorem 4.2]).

We conclude, in Section 4, with explicit applications to geometrically
elliptic normal curves in Severi-Brauer varieties. We construct generic
geometrically elliptic normal curves inside base extensions of generic
Severi-Brauer varieties. These generic curves have the property that
they specialize to every other geometrically elliptic normal curve inside
any other Severi—Brauer variety and we use this observation to compute
the periods and indices of these generic curves under an assumption of
coprimality to the characteristic of base field (see Theorem 4.7).

Notation. We use the following notation throughout:

e if k is a base field, then we write k to denote a fixed algebraic closure
of k and k® to denote the separable closure of k inside k

Conventions. We use the following conventions throughout:

e a variety is an integral scheme that is separated and of finite type
over a base field

e a curve is a proper scheme of pure dimension one that is separated
and of finite type over a base field.

Acknowledgments. I'd like to thank both Nitin Chidambaram and
Priyankur Chaudhuri for our frequent meetings discussing the Hilbert
scheme where I learned most of the techniques contained in this paper.
I’d also like to thank Patrick Brosnan for stimulating conversations
that gave me both the ideas and motivation needed to start this work.

2. DESCENT FOR HILBERT SCHEMES

Let 2 /S be a Severi-Brauer scheme of relative dimension n over a
Noetherian scheme S. Concretely, this means there exists an fppf cover
S" = {Si}ier of S and isomorphisms 25, = 2 xgS; = P§. We call the
data consisting of an fppf cover S” and isomorphisms ¢; : Zs, — Pg a
splitting of Z°/S. The splitting data (S;, €;)ies of 2 /S determines a
Cech 1-cocycle ¢ giving rise to a class in I:I}ppf(S, PGLy1/s)-
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Conversely, descent shows that every element & of ﬁ}pp (S, PGLyy1/s)
is determined by the splitting data (S;, €;);es, for some fppf cover S" =
{Si}ier of S and some Severi-Brauer scheme 2" /S which is uniquely
determined by ¢ up to isomorphism. For each Cech l-cocycle & one
can then choose splitting data (.S, €;);cr and, for any polynomial ¢(t) €
Q[t], descend the Hilbert schemes Hilby ) (Pg. /.S;) defined over S; to a
scheme Hilbg“(’t)(% /S) defined over S (cf. Lemma 2.4 below).

The goal for this section is to prove that Hilbjj, (2 /S) represents
the functor which associates to any locally Noetherian S-scheme 7' the
set of all subschemes of 27 that are flat and proper over T" and which,
locally for the fppf cover S’/S, have Hilbert polynomial ¢(¢). This is
the content of Theorem 2.5; the proof follows the construction of the
Hilbert scheme of a projective bundle closely, e.g. as given in [Kol96],
making small generalizations so that the same argument can be applied
to any Severi-Brauer scheme 27/S.

To start, recall from [Qui73, §8.4] that Quillen has constructed a
universal vector bundle 7 on the Severi-Brauer scheme 2°/S having
the following property: locally for an fppf cover S’/S splitting 2" /S,
J admits isomorphisms

Tls, & Opp (—1)®™*!  for each S; € '
compatible with the isomorphisms 2’5, = P§. of the splitting. We write

Q=J"=Hom(T,Oy) to denote the dual of J and we call Q the
Quillen bundle on the Severi-Brauer scheme 27/S.

Lemma 2.1. Suppose that S is connected and write 7 : & — S for
the structure map of Z°/S. Let F be an S-flat coherent sheaf on Z .
Then there exists a numerical polynomial ¢(t) € Q[t] and an integer N
so that the following equality holds

rk(m. (F ® Q%)) = ¢(t) - tk(Q™")
for all integers t > N.

Proof. Let S" = {S;}icr be an fppf cover splitting 2" /S and write
i+ Zs, — S; for map coming from base change. Then, for all ¢ > 1,
there are isomorphisms

Tu(F ® Q%)|s, = mia(Flazs, @ (Opy ()" 2 70 (F 25, () ®m "),

Since . (F 2, (t) 1)) = Tin (F | 225, (t))2(+D" the ¢(t) of the lemma
is necessarily the Hilbert polynomial of F|g, on Zs, = Py . O

Definition 2.2. Let 27/S be a Severi-Brauer scheme over a base S.
Let F be an S-flat coherent sheaf on 2". For each connected component
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S, C S we define the reduced Hilbert polynomial of F on S, to be the
numerical polynomial rhz(¢) € Q[t] guaranteed to exist by Lemma 2.1.
In other words, rhz(t) is uniquely characterized by the existence of an
integer N > 0 and equality

rk(m, (F @ Q%)|s,) = thz(t) - tk(Q%") for all ¢t > N.

If the reduced Hilbert polynomial of 7 on S, is equal to rhz(¢) for all
connected components S, C S, then we call rhz(t) the reduced Hilbert
polynomial of F. When F = Oy is the structure sheaf of a subscheme
V C 2 we write rhy (¢) instead of rhe,, (¢).

Remark 2.3. If 27/S is a split Severi-Brauer scheme (i.e. if 27/S
is isomorphic over S with a projective bundle Pg(&) for some vector
bundle € on S) then, for any S-flat coherent sheaf F on 2", the reduced
Hilbert polynomial rhz(t) is just the usual Hilbert polynomial hz(t)
with respect to the line bundle Op g (1).

Lemma 2.4. Let Z°/S be a Severi-Brauer scheme over any scheme S.
Let F be a coherent sheaf on 2 . Then for every polynomial ¢(t) € Qlt]
there is a locally closed subscheme Sy C S with the property:

(f) given a morphism T — S, the pullback Fr on Zr is flat over T
with reduced Hilbert polynomial thz.(t) = ¢(t) if and only if T — S
factors T — Sy C S.

Proof. The lemma holds fppf locally over the base S. More precisely,
let S = {S;}icr be any fppf cover splitting 2 /S with I a finite set
and let ¢; : 25, — P be isomorphisms realizing the splitting. Write
T, =T xgS; and F; for the pullback of F to Z7,. Then for each of the
indices ¢ € I, there is a locally closed subscheme S; 4 C S; so that
F; is flat over T; with reduced Hilbert polynomial rhx, () = ¢(t) if and
only if T; — S; factors T; — S; 4y C S;. Because of Remark 2.3, the
reduced Hilbert polynomial rhg (¢) is just the Hilbert polynomial of
he,, 7 (t) and this follows from [K0l96, Theorem I1.1.6] which ultimately
refers to [Mum66, Lecture 8].

To see that the lemma also holds over S, we note that it’s possible
to descend the S; 4(;) to a scheme Sy C S with Sg) X5 S = Sie)-
Indeed, both of the schemes S; 4) X5 .S; and Sj 41y X5 S; are uniquely
characterized as subschemes of S; xg S; by the given property with
respect to the coherent sheaf Fils,xgs; = Fjls;xss; On £g;xgs;. As it’s
clear that the cocycle condition on any triple product S; x g S; X Sy, is
satisfied, it follows from [Stal9, Tag 0247] that Sy exists as a scheme
over S (see also [Stal9, Tag 010X, Tag 02JR)).

It remains to show that Sy has property (f). Both the flatness of
Fr and the computation for the reduced Hilbert polynomial rhz, (t)
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can be checked fppf locally for the cover S’/S. The claim follows then
from the construction of Sy). ]

For any locally Noetherian S-scheme T, write H ?S js(T) for the set

(1)  HY(T) = {v C %t

V' is proper and flat over T’
and rhy () = ¢(t)

The association of T" to H fz(t/)s( ) defines a contravariant functor from
the category of locally Noetherian S-schemes to the category of sets.
For a morphism p : 77 — T, the associated map Hfg(t/)s(T) — H f;(t/)S(T’ )
sends a subscheme V' C 27 to V x7T" C Z7 where the fiber product
is taken along the morphism p.

Theorem 2.5. Let 2" /S be a Severi—Brauer scheme over a Noetherian
base scheme S. Then, for every polynomial ¢(t) € Ql[t], there exists an

S-scheme Hilbg(, (2°/S) which represents the functor H (/)s from (1).
In particular, there is a subscheme

Univyy (2'/5) € 2 xg Hilbl, (2'/59)
and, for any locally Noetherian S-scheme T', there is an equality
Homg (T, Hilby, (27/5)) = Hy\)(T)
where a map f:T — Hilbf;(vt)(%/S) corresponds to the subscheme

V = Uan¢ (:%'/S) XJXsHllbt %/S) % XS‘ T

dr)(
Proof. The proof we give here is, in essence, the same as [Kol96, Proof
of Theorem 1.1.4]. We're going to break the proof into several steps.
First, we construct an S-scheme H together with a scheme U C 2 x¢H
which end up being Hilbg, (27/S) and Univy, (2 /S) respectively.
Once we’ve constructed H there will be an obvious functorial map

¢
(2) Homg(T, H) — H3\(T)
defined as in the theorem statement. The next step will be to construct
a map in the other direction

(3) HY(T) — Homg (T, H).

The proof will be complete once we show that these two maps are
mutually inverse.
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Throughout the proof, we’ll refer to the following diagram.

I P lﬂ

For the first part of the proof, we use the following notation:

e : 2 — S is the S-structure map of the Severi-Brauer scheme
2" /S of relative dimension n,

e ¢(t) is a fixed polynomial from Q[t] and N > 0 is an integer (chosen
to be divisible by n+1) so that h*(V, Oy(N)) = 0 for any subscheme
V' C P with Hilbert polynomial ¢(¢) [Kol96, Theorem I.1.5],

o % = Grg(¢p(N), L) is the Grassmannian S-bundle of rank ¢(N)
quotient bundles of the locally free m,L, where £ = (det Q)®N/(+1)
is the given tensor power of the determinant of the Quillen bundle,
with S-structure map o : % — S,

o and p1,po : X Xg ¥ — Z,% are the first and second projections
from the fiber product.

On &% there is a short exact sequence
0—-U—oc'1.L—V—=0

with V the universal quotient bundle of rank ¢(/V) and U the universal
subbundle. Pulling back to 2" xg % we get a map

(4) psU — pyotm L = pimtm L — piL

by composing with the (7*, 7,)-adjunction map. Let C be the cokernel
of this composition. The projection ps : Z X% — ¥ realizes Z X%
as a Severi—-Brauer scheme over % so that we can apply Lemma 2.4 to
the sheaf C ® (p{L£Y). In this way, we get a subscheme H C % fitting
into a Cartesian diagram

%XSH:%XS?J/X@/H%%XSW

|9 |r

H U s XY
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so that C" = *(C®p; L") is flat over H with reduced Hilbert polynomial
rhe/(t) = ¢(t). Further, since C' is a quotient of Oy« p, the sheaf C’
defines a closed subscheme U C 2" xg H with Oy = C'.

Now let p : T — S be an arbitrary locally Noetherian S-scheme.
From the construction of H, any morphism f : T" — H of S-schemes
produces an element of HL@%(T) by pulling back U C £ xg H along
the induced fo : " xsT — 2 xg H. This is the definition of (2).

Conversely, from any subscheme V C 2 xg T flat over T with
reduced Hilbert polynomial rhy (t) = ¢(t) we can identify a morphism
f:T — H as follows. For this part of the proof, we use additionally:
e py : X xXsgT — X is the first projection from the fiber product

Z xg T taken with respect to p,

e and 7 : 2 XgT — T is the second projection.
Tensoring the ideal sheaf sequence for V' with p% £ and pushing forward
along mp gives the exact sequence

(5) 0— 7TT*<IV (029 p}jﬁ) — 7TT*p*£f£ — TT*(OV (024 p}ﬁ)

The rightmost arrow of this sequence is surjective since the coherent
sheaf R'7rr.(Zy ®p%)-L) = 0 vanishes; this can be checked after splitting
Z" /S and using our choice of N, cf. [Ko0l96, Theorem 1.1.5]. Moreover,
each of the terms in (5) is locally free by [Har77, Theorem III.12.11]
and k(77 (Oy ® p%H-L)) = ¢(N).
The base change map
P L — T ply L

is an isomorphism since it becomes one after an fppf extension of .S, see
[Nit05, Lemma 5.4]. Hence the surjection ¢ : p*m.L — 71 (Oy @ p’y- L)
defines a map

p:T—% with p(c"mL — V)=

by the functorial description of %. If we let py : 2" XsT — X x5 ¥
denote the map obtained by base change, then we find that

P C = ply-coker (psU — pyo*m L = pim*m L — piL)
= coker (mpmr(Zy @ p L) = mpp*mL = pom*m L — py L) .
The composition factors through the adjunction
Trmr(Lv ® pyp L) = Iy ® piy L,

which induces the isomorphism g% (C @ piLY) = 5%,C ® p5 L = Oy.
Since V is flat over 7" with reduced Hilbert polynomial rhy (t) = ¢(t),
this implies that p = i o f factors via a morphism f : T'— H since H
satisfies property (f). The association sending V' to f defines the map
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in (3). With a moment’s thought (and also noting that the factorization
above is unique by [Stal9, Tag 01L7]), it’s clear the maps (2) and (3)
are mutually inverse. This completes the proof. U

Definition 2.6. We'll call Hilbgy, (2"/S) the Hilbert scheme of %' /S
that parameterizes subschemes with reduced Hilbert polynomial ¢(t).
The superscript tw is a reminder that this is a twist of one of the usual
Hilbert schemes of a projective bundle as the next remark notes.

Remark 2.7. If 27 /S is split, i.e. if 27/S is a projective bundle Pg(&)
for some vector bundle £ on S, then the above theorem recovers the
usual Hilbert scheme Hilby)(Ps(€)/S). This also shows the following
statement: if 2/S is any Severi-Brauer scheme over a Noetherian base
scheme S, and if /S is an fppf cover splitting 2" /.S, then there are
splitting isomorphisms

HilblY,) (2/S) x5 8" = Hilby(Zs/S")

as claimed in the beginning of this section. Consequently, the scheme
Hilb,, (2 /S) inherits any property of Hilby(Zs /S’) that can be
checked fppf locally on the base, i.e. being finite-type, proper, or smooth
over S holds if it also does over S’.

Remark 2.8. Given any Severi-Brauer scheme 2°/S with structure
map 7 : Z — S, it follows from [Stal9, Tag 01VR] that £ = det Q is a
m-relatively very ample line bundle. Hence 7 is projective with respect
to £ and for any polynomial ¢(t) € Q[t] there is a usual Hilbert scheme
Hilb, ) (2 /S) parametrizing flat and proper subschemes of 2~ whose
Hilbert polynomial with respect to L is ¢(t). If 2" has constant relative
dimension n — 1 over S, then there is an isomorphism

Hilb!,) (2°/S) = Hilby (2 /S).

The primary benefit in working with Hilb%)(% /S) instead of the
usual Hilbert scheme is in the canonical nature of its construction (e.g.
the twisted and usual Hilbert scheme are both realized as subschemes of
certain projective bundles; however, in these embeddings, the relative
codimension of the twisted Hilbert scheme will always be much lower
than that of the usual one).

The infinitesimal theory of Hilbg, (2/S) can also be checked on
an fppf cover of the base, so we get the following corollary using the
fact that the scheme Hilbg’(vt)(% /S) is fppf locally, e.g. on a cover S’/S
splitting 2"/, isomorphic to Hilby (P4, /S").

Corollary 2.9. Let 27 /S be a Severi—Brauer scheme over S. Lets € S
be a point, let F' be a field, and let p : Spec(F') — s be a morphism.
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Let V. C ZF be a subscheme with ideal sheaf Iy, and reduced Hilbert
polynomial thy (t) = ¢(t). Then the following are true:

(1) The Zariski tangent space of Hilbf;(vt)(%p/F) at the F-point given
by V' wvia Theorem 2.5 is naturally isomorphic to
HOIHO%F (Iv, Ov> = HOIHOV (Iv/I%/, Ov)

(2) The dimension of every irreducible component of Hilbg;’(vt)(%p/F)
at the F'-point defined by V is at least

dimpHomo, (Zy, Oy) — dimFExté%F (Zv, Oy) + dim,S.

(8) If V-.C ZF is (fppf) locally unobstructed, then the dimension of
every irreducible component of Hilbf;(vt)( 2 /S) at any point in the
image of the point defined by V is at least

dimpHome,, (Zy /TE, Oy) — dimpHY(V, Hom(Zy /TE, Ov)) + dim,S.

Moreover, in either of the cases (2) or (3) above, if the lower bound
giwen for the dimension is equal to the dimension of every irreducible

component of Hilbg, (2°/S) at the point defined by V', then the map
Hilb, (27/5) — S

1 a local complete intersection morphism at that point.

Proof. This is a combination of [Kol96, Theorems 1.2.10 and 1.2.15].

See [Kol96, Definition 1.2.11] for the definition of locally unobstructed
subschemes. O

3. CLASSIFYING SUBSCHEMES

From now on, we work in the following setting: we fix a base field k, a
k-central simple k-algebra A, and we let X = SB(A) be the associated
Severi-Brauer variety of A. We use the triple (d,n,m) to refer to the
degree, index, and exponent of A respectively, i.e.

d=deg(A), n=ind(A), m =exp(A).

In this section, we analyze the subschemes of X corresponding to points
in the Hilbert scheme Hilb!} (X/k). We assume throughout this section
that d > 2 so that X is not a curve itself.

Lemma 3.1. Let C' C X be a curve. Let p be a prime number. Then
the degree deg(C') satisfies the following

vp(n) if p is odd
vp(deg(C)) = {vp(n) —1 ifp=2
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In other words, the integer n divides deg(C') if n is odd and the integer
n/2 divides deg(C) if n is even.

Proof. Let F be any splitting field for X. The degree deg(C') is defined
as the unique integer so that there is an equality [Cr| = deg(C)[L]
inside the Chow group CH;(Xpg) where L C Xp = ]P"‘ZF_1 is any line.
The degree deg(C') is independent of the choice of splitting field F'.

To check the given divisibility relations, it suffices to work p-locally
in the group CH;(Xp) ® Z(,). By a corestriction-restriction argument,
it therefore suffices to assume n = p” is a prime power of p. The case
that p is odd is [Mac21, Theorem 4.7]. So we can assume that p = 2.

By first replacing k& with some (possibly large) field extension that
doesn’t change the index of A, we can assume that m = exp(A) = 2.
Let e € CH'(X) be the class of a divisor that has degree m = exp(A)
over any splitting field for X. Let p be any closed point of X with
[k(p) : k] = n = 2" (the residue field of such a point corresponds to a
maximal subfield of the underlying division algebra and the point itself
corresponds to a minimal left ideal inside the algebra over this field).
Set F' = k(p) and let ¢ € X be any F-rational point inside pp. Then
since CHy(X) = Z is generated by the class of the point p, we find (by
restricting to F' the relation e - [C] = a[p] that holds over k for some
integer a > 1) that

er - [Cr] = 2deg(C)q] = alpr] = a2"[g].
In other words, we find 2"~! divides the degree deg(C). O

Remark 3.2. In fact, when the index n is a power of 2, it follows that
for any field F' splitting X, the image of CH;(X) inside CH;(Xr) =7Z
by restriction is exactly (n/2)Z. Generators of the image are exactly the
restrictions of the classes ¢,_2(Cx(1))en(Cx (1)) 4™~ and ¢; (Cx (m))42
constructed in [KM19, Appendix A].

Example 3.3. In this example, we construct some curves in Severi—
Brauer varieties associated to central simple k-algebras of index n = 2"
with 2-adic valuation of the degree strictly smaller than r.

For an example of a curve C' with minimal possible degree in X, let
A = Q1 ®Q)- be a biquaternion algebra of index 4 split by a biquadratic
extension F = k(y/a,vb) with Galois group Gal(F/k) = (Z/27)%2.
Let p be a point on X with residue field k(p) = F and identify the
points in pr with elements of Gal(F'/k) so that the action of G on pg
is the canonical one. In Xp = P2 let L; be the line passing through
the points (0,0) and (0,1) and let Ly be the line passing through the
points (1,0) and (1,1). Then L; U Ly forms a Galois orbit, hence it
descends to the ground field & to give a curve C' C X with deg(C') = 2.
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If the division algebra A = Q1 ® - - - ® @, is an r-fold (r > 2) product
of distinct quaternion algebras split by a multi-quadratic extension
F/k with Gal(F/k) = (Z/27)%", then there is a point p on X with
residue field F'. One can pass a Galois orbit of lines through pr which
is essentially an r-dimensional cube [, = [0, 1]” with lines replacing the
edges of the cube. The curve C' C X that one gets from this cube has
degree deg(C') = r2"! (equal to the number of edges of the r-cube).
If r = 3 then this curve has arithmetic genus h'(C, O¢) = 2372(3) — 1
(equal to the number of faces of the 3-cube minus 1).

In general, any division algebra A of index n = 2" is split by a
separable field extension F/k of degree [F' : k] = 2". For this field F,
there is a point p on X with residue field k(p) = F' and pgs contains 2"
points over a separable closure k* of k. Passing a line between every
pair of points in pgs gives a Gal(k®/k) orbit that descends to a curve
C C X. The degree of C' is equal to the number of edges in the
complete graph K,, i.e. deg(C) = (5) =2"71(2" — 1).

Lemma 3.4. Assume that A is a division k-algebra, i.e. assume n = d.
LetV C X be any subscheme of X containing an irreducible component
C of dimension dim(C) > 1. Then V is geometrically nondegenerate.

Furthermore, if C' C X is any geometrically integral curve in X with
degree deg(C) = p for some integer p > 1, then the geometric genus of
C' s bounded above by

Gaeom(C) < (d— 2)@ tqr

where q,r are the quotient and remainder of dividing p — 1 by d — 2,
i.e. wherep—1=q(d—2)+r and0<r <d-—2.

Proof. Let k be an algebraic closure of k and k* a separable closure of
k inside k. To see that V% is nondegenerate in X7 = P%’l, it suffices to
show that C% is contained in no hyperplane.

Assume to the contrary that there is a hyperplane H' containing Cy,
and let H be the unique hyperplane inside X with H xs k = H'. Let
a be a 1-cocycle of G = Gal(k*® /k) representing X in H' (G, PGL, (k*)).
Then Cjs is contained in each of the (finitely many) Galois orbits of H
coming from «. In particular, we get an inclusion

gelG
with the right hand side a Galois invariant linear subspace of Xs. Since
this subspace would necessarily descend to the field k, this contradicts
the fact that A was assumed to be a division k-algebra (which implies
that X has no twisted linear subvarieties).
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Now suppose that C'is a geometrically integral curve in X. To bound
the geometric genus of C, it suffices to work over the algebraic closure.
In particular, we can assume that C'is an integral curve nondegenerate
inside of P41, Then the claim is just Castelnuovo’s bound [Har81]. O

Remark 3.5. The above proof even shows the more general statement
that, if A is any central simple k-algebra and if V' C X is any subscheme
of X containing an irreducible component C' of dimension dim(C') > 1,
then V7% is set-theoretically contained in a hyperplane of X7 if and only
if V' is set-theoretically contained in a twisted linear subvariety Y C X.

In particular, if A is a division k-algebra, then both Vi and (V%),ed
are geometrically nondegenerate.

Remark 3.6. Assume that A is a k-division algebra so that d = n.
Then for any geometrically integral curve C' C X with deg(C) < n,
we find ggeom(C) < 1 by applying Lemma 3.4 (and if deg(C') < n then
also ggeom(C) < 1).

Suppose C' C X as above has both deg(C') < n and ggeom(C) = 0.
Then, in this case, since C' is geometrically integral, the normalization
C" of C'is smooth, geometrically connected, and geometrically rational.
So there is a point p on C” with [k(p) : k] = 2. As C” maps to X, this
can only happen if d = 2.

It follows that any smooth and geometrically connected curve C' C X
with deg(C') < n has genus gyeom(C) = h'(C, O¢) = 1 and deg(C) = n.

Typically the arithmetic genus h'(C,O¢) gives more information
about a curve C' and its embedding C' C X. The next two lemmas give
technical tools that can allow one to determine the possible values for
the arithmetic genera of curves in X in some cases.

Lemma 3.7. Let p be a prime number. Suppose that V C X is any
subscheme whose irreducible components P; C V' have dim(P;) < 1.
Then we have

vp(n) if p is odd

’Up(h (V7 OV) —h (‘/a OV)) Z {’Up(n) -1 pr =9

In other words, the integern divides x(V, Oy ) if n is odd and the integer
n/2 divides x(V,Oy) if n is even.
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Proof. 1t follows from flat base change [Stal9, Tag 02KH] that this can
be checked geometrically. This fits into a commutative diagram

— 7
I
KX)——Z

where the horizontal arrows are pushforwards along the structure map

(with the identification K (Spec(k)) = Z = K (Spec(k)) of Grothendieck
rings) and the vertical arrows are induced by extension of scalars. The
class [Oy] in K(X) sits in the topological filtration 7 (X) C K(X)
generated by coherent sheaves supported in dimension 1 or less.

The image of 71(X) under the left vertical map is given in [Mac21,
Theorem 4.7] under the assumptions that p is odd and n = p". In that
particular case, 7 (X) = p"m (X3) with generators p"[Op:] and p"[O,]
for the class of a k-rational point ¢ € X7. The horizontal arrows in
the diagram above take the class of a coherent sheaf [F] to x(X,F).

Writing [Oy] = ap”[Op] + bp”[O,] it follows that
p'(a+b) = x(X,0v) = x(V,0v) = B°(V, Oy) — h'(V, Ov).

Since it suffices to check the claim with coefficients in Z,, the case
that p is odd follows from the particular case above by a restriction-
corestriction argument. The case p = 2 follows by a similar argument
using Lemma 3.1 to show 71(X) C 2"7'7(X3) when n = 2", O

Lemma 3.8. Suppose that V C X is any subscheme whose irreducible
components P; C V' have dim(P;) < 1. Assume that rhy (t) = rt+s for
some integers r, s withr > 1. Then h*(V,Oy) < 5(r*=3r)+h°(V, Oy).

Proof. This is a bit overkill but, since we have
Hilb)y, (X/k) xx k = Hilb,,(PL ' /k)

it’s enough to show that the right hand side is empty whenever there
is an inequality h*(V, Oy) > 5(r* — 3r) + h°(V, Oy). This is proved in
[Har66, Corollary 5.7]. More specifically, Hartshorne shows there that
HilbrtJFS(IP’%’1 /k) is nonempty if and only if one has mg > m; > 0
when 7t + s is written as

i t t —myg o t+1 t+1—my
r s = — —
1 1 2 2
1 2
:m0+m1t—|—§(m1—m1).


https://stacks.math.columbia.edu/tag/02KH
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Comparing coefficients in the above gives
1
r=m; and s=x(Vg,Ov)=x(V,0v)=mq+ §(m1 —m3).

Equivalently, since x(V, Oy ) = h°(V, Oy ) — h'(V, Oy) this implies

1
RO(V,Ov) —s = h*(V,0y) = §(mf —my) —mg + AV, Oy).

Now HileHS(IP’%’l /k) is nonempty if and only if mg > m; > 0 if and
only if 7 > 0 and 0 < h'(V,Oy) < 1(r? — 3r) + h°(V, Oy). O

Proposition 3.9. Suppose that A is a division k-algebra with index n.
Let V C X be any subscheme with thy (t) = f(n)t + s where f(n) =n
if n is odd and f(n) =n/2 if n is even. Then the following are true.

(1) There is a unique irreducible component C' C 'V with dim(C) = 1.
Moreover, C' is generically reduced and deg(C) = f(n).

(2) If the index n = p is prime, then the curve C' C V' is geometrically
generically reduced.

(8) If s =0 and if the index n = p is prime, then the curve C' C V is
also geometrically connected.

Proof. As thy(t) = f(n)t + s has degree deg(rhy(t)) = 1, and since
rhy (t) is geometrically the Hilbert polynomial of V4, the dimension
of any irreducible component P; of V satisfies dim(FP;) < 1. If there
were multiple components P; of dim(P;) = 1, then it would follow that
deg(P;) < f(n) which is impossible by Lemma 3.1.

Similarly, if the unique irreducible component C' C V' of dimension
dim(C) = 1 had lengthyOc, > 1 at the generic point n of C, then
we would find deg(C,.q) < deg(C) which also contradicts Lemma 3.1.
Hence the curve C' C V' is also generically reduced, proving (1).

To prove (2), i.e. to show that C' is geometrically generically reduced
when n = p is prime, we can assume n = p > 2. If C' is geometrically
irreducible, then geometrically we have

deg(C) = mc_deg(Cy) with me_ = lengthy o\ Ocy 5

where 7 is the generic point of Cg. If mc_ = p, then (Cf);eq is a line in
X3 = ]P’%_l, hence topologically degenerate, contradicting Remark 3.5.
So we must have mc_ = 1 in which case Cf; is generically reduced.

On the other hand, if C' is geometrically reducible, then the Galois
group G = Gal(k®/k) acts transitively on the irreducible components
of (% and all of these irreducible components have the same degree.
Since there are at least two irreducible components of Cr, there must
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be exactly p, say C4, ..., Cp, each with degree deg(C;) = 1. Hence C' is
also geometrically generically reduced in this case.

Suppose now that s =0 and n = p > 2 is a prime number. For (3),
we suppose that the unique curve C' C V is geometrically disconnected
and aim for a contradiction. Since the degree of C' is deg(C') = p, there
are exactly p connected components C, ..., C, of Cy with deg(C;) = 1.
Hence (C;)req = IP%. Considering the ideal sheaf sequence

O—>N—>OCE—>O(CE) — 0,

red

we find that Supp(N) is a finite set of closed points. Therefore
W (C,Oc) = ' (Cx, Oc,) = W' ((Cg)red, O(cy),ea) = 0.

k
But h!(C,0c) = h'(V,0v) = h°(V,Oy) # 0 by the assumption that
the reduced Hilbert polynomial of V' is rhy (¢) = pt. Hence if n = p > 2
is prime, then C' is geometrically connected. (|

Remark 3.10. Proposition 3.9 implies that, if A is a division k-algebra
of prime index n = p, then any reduced curve C' C X with deg(C) = p
is geometrically reduced [Stal9, Tag 04KS].

Example 3.11. If A is a division k-algebra with index n = 5, then we
can say something about possible subschemes V' C X with rhy (¢) = 5t.
Let C' C V be the unique curve sitting in V' with degree deg(C') = 5.
Then C' is geometrically connected (by Proposition 3.9) and C' is either
reduced or nonreduced. If C'is reduced, then C'is geometrically reduced
(by Remark 3.10). In this case h°(C,O¢) = 1 so that Lemma 3.8
implies h'(C,O¢) < £(25 — 15) + 1 = 6. With Lemma 3.7 we get that
5 divides 1 — h'(C, O¢). So either h'(C,Og) =1 or h}(C,O¢) = 6.

If C' is reduced and geometrically reducible, then (% is the union of 5
irreducible components Cf, ..., Cs each with deg(C;) = 1. The singular
points of Cy form a Galois orbit, so that they span X3 = ]P’% linearly.
In particular, C, is a union of 5 lines passing through at least 5 points.
We show in Lemma 3.12 below that (% is essentially a 5-gon of lines
with 2'(C, O¢) = 1. Since x(C, O¢) = 0, this implies C = V.

Otherwise C' is geometrically integral and the normalization of C' is
a smooth genus 1 curve by Remark 3.6. Then either C' is smooth and
hY(C,0¢) =1, or A} (C,O¢) = 6 and C is singular [Stal9, Tag 0CE4].
In the former case we again find V' = C and, in the latter case, we find
V = C U p for some Artinian subscheme p C X with h%(p,O,) = 5.
But, since 5 divides the degree of any closed point of X, we find that
p is a closed point with [k(p) : k] = 5.

When C' is nonreduced, we consider instead the reduced subscheme
Crea C C which still has deg(C,.q) = 5 since C' is generically reduced.


https://stacks.math.columbia.edu/tag/04KS
https://stacks.math.columbia.edu/tag/0CE4
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The scheme C,.q is both geometrically connected (since this is true for
C' by Proposition 3.9) and geometrically reduced (from Remark 3.10).
Hence h°(Cheq, Oc,.,) = 1 and, similar to the reduced case, we find that
either h'(Cpeq, Oc,.,) = 1 or h*(Creq, Oc,,,) = 6 from both Lemma 3.8
and Lemma 3.7.

Now from the ideal sheaf sequence for C,.q C C we find (in)equalities
h2(C,O¢) > h(Crea, Oc..,) and h'(C,O¢) = h*(Cyeq, Oc,.,).

It follows that if we write V' = C' L p as the disjoint union of C' and a
possibly empty Artinian scheme p, then

0= X(‘/a OV) = X(C, OC) +r> X(CTedv Ocred> +r

with r = h%(p, ©0,) > 0. So X(Cped, Oc,.,) < 0 and b (Cheq, Oc,,,) = 6.
But then h°(V, Oy ) = 6 as well since we have h'(C, O¢) = h'(V, Oy).
Since there are no closed points on X of degree less than 5, it follows
that V = C and h°(C,O¢) = 6.

Lemma 3.12. Let A be a division k-algebra of prime index n = p > 2.
Let V. C X be any subscheme with thy (t) = pt and let C C 'V be the
unique curve from Proposition 5.9. If C is geometrically reducible, then
Cr is a p-gon of lines through p points spanning X3 = P%_l.

Proof. Since C'is geometrically reducible and of degree deg(C') = p, we
know that (Cyeq)y is the union of p-lines Ly, ..., L,. The Galois group
G = Gal(k*/k) acts transitively on the set of these lines {Ly, ..., L, },
giving a map G — S, whose image contains a p-cycle. Proposition 3.9
shows that the curve C' is geometrically connected, so we can find an
element g € G so that L, N gL, # () and, after possibly relabeling the
lines Ly, ..., L, we can assume

(1) L, = g 1L, for all 1 < k < p,
(2) LiNnLiy; #0foralli=1,...,p—1
(3) and L, N Ly # ( also.

Assume that there is a hyperplane H C X7 = IP’%’_l containing all
lines L; with ¢ # p. Then, in particular, this H contains the set of
all singular points of Cy which are the union of Galois orbits under G.
Since H doesn’t contain L,,, we have that gl doesn’t contain gL, = L.
The intersection of these translates is then empty by a dimension count,

ﬂ gH = .
geG

But this would imply C' is smooth, a contradiction since C' is assumed
singular. Hence no H can contain Ly, ..., L,_;.
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Now we go inductively. Starting with L, we add Lo with L1N Ly # ()
by our choice of labeling. We get that L, U Ly is contained in a unique
linear subspace H; with dim(H;) = 2. Now we consider L3. Adding L3
to L1 ULy, we know that LoNLs # () so that L; ULyU L3 is contained in
some linear subspace Hy with dim(Hy) = 3. We also know Ly U Ly U L3
is not contained in H; since, if it were, then L, U --- U L,_; would be
contained in a hyperplane. Hence # (L3 N H;) = 1 and the subspace
Hj is uniquely determined as well.

Repeating this process, we find for all 1 <7 < p—1 linear subspaces
H; of dimension dim(H;) = i+1 so that each H; contains Ly U---UL;,1,
and #(L;41 N H,;—1) = 1. Finally, we know #(L,N(L1U---UL,_1)) > 2
(since otherwise there is a unique singular point) and we claim that
actually equality holds. If this inequality were strict, then L, N L; # ()
for some 7 # 1,p — 1. But then

gL,NgL,=LiNLiy; #0

and 1 <i+1<p— 1, contradicting that #(H;_1 N L;11) = 1.

We think of (C)..q)z as a graph with singular points as vertices and
lines as edges; the above shows that the graph associated to (Creq)y is &
p-gon on exactly p-vertices. These p-vertices form a Galois orbit under
G, so they must span X7. Corollary 3.13 below shows that C' = C.q4,
which completes the proof. ([

Corollary 3.13. Let A be a division k-algebra of prime index n = p.
Let V. C X be any subscheme with thy (t) = pt and let C C 'V be the
unique curve found in Proposition 3.9. If C' is geometrically reducible,

then C' is reduced, h*(C,O¢) =1, and V = C.

Proof. The proof of Lemma 3.12 describes how to construct (Ciq)z as a
union of lines. One can use this construction to compute h'(C, O¢) = 1
from the exact sequence (7) below and the observation that

h,l(C, OC) = hl(Creda OC,.ed) = hl((cred)ﬁ’ O(Cred)ﬁ)

where the first equality comes from C being generically reduced and
the second from flat base change.
Then 1 = h'(C,O¢) = h'(V, 0y ) = h°(V, Oy) as rhy(t) = pt. Since

0+# H°(C,0q) Cc H(V,Oy),
we find that h°(C, O¢) = 1. Hence C is reduced and V = C'. O

4. GENERIC GEOMETRICALLY ELLIPTIC NORMAL CURVES

It can be difficult to say anything complete regarding the schemes
Hilb' (X /k), as done in Example 3.11, for general X. However, we can
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still analyze specific irreducible components of Hilb' (X/k), in some
particular cases of Severi—Brauer variety X, to some benefit.
From now on we write

(6) Yy : Univil, (X/k) — Hilb%, (X/k)

for the canonical map coming from the projection. (By slight abuse
of notation, we use the same ¢ x regardless of the function ¢(¢) under
consideration). For each irreducible component V' C Hilbfb“(’t) (X/k) we
let 1y denote the generic point of V. If ¢(t) = rt + s is linear then, for
each such V, the generic fiber ¥y (1) is the union of a curve and a
finite number points.

There may be more than one irreducible curve in the fiber ¥" (ny).
Proposition 3.9 can sometimes show the curve in ¥y (1) is irreducible.

Proposition 4.1. Suppose that A is a division k-algebra of index n.
Define f(n) to be the following function.

f(n) = {n if n is odd

n/2 if n is even

Assume that V. C Hilb}v(vn)Hs(X/k) is an irreducible component and let

Vim C V' denote the locus of points smooth in V.
If V has a smooth k-rational point, i.e. Vi, (k) # 0, then ¥y (nv)
contains a unique irreducible and geometrically connected curve.

Proof. Because of the isomorphisms
Hilb}vgn)t—&—s(X/k) Xk k(nv) = Hilb?{n)t—&-s(Xk(nv)/k(nv))7

the generic point k(ny) corresponds to a subscheme 15" (nv) C Xy
with reduced Hilbert polynomial rhy (¢) = f(n)t + s.

The Severi-Brauer variety Xy, ) is associated to the central simple
algebra Ay, ) which, because of the assumption that Vi, (k) # 0, has
index n as well (apply Lemma A.1 to the Azumaya algebra A ®j Oy,
where & € V,,(k)). Now the claim follows from Proposition 3.9. U

Of particular interest is the following component of Hilbl¥,(X /k) for
any integer m > 1 such that n divides m.

Definition 4.2. Let Ell,,(X) C Hilb!",(X/k) denote the union of the
irreducible components V of Hilb!™,(X/k) whose generic fiber 5" (ny)
is a smooth and geometrically connected curve of genus 1.

If either dim(X) = 2 and m = 3, or if dim(X) > 3 and m > 4 is an
arbitrary integer divisible by n, then the scheme Ell,,(X) is nonempty.
To see this, note that over an algebraic closure k one can always find
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a smooth genus 1 curve C; if D is any closed point on C, then the
complete linear system associated to the divisor mD gives a closed
immersion to ]P’%”*l. If m < dim(X) then a linear embedding of ]P’%”*l

in P%’l preserves the degree of C'. Otherwise, a general projection from

]P’g_1 to IP’%_1 is an embedding on C preserving the degree of C'.

Let = be any closed point of H = Hilb!",(X/k) defined by a linear
system as described above. By base change we get a morphism

Uxle : € = w;(l(Spec((’)H,x)) — Spec(Op.z)

with special fiber €,y geometrically isomorphic with the curve C. By
[Stal9, Tag 01V9] there is an open U’ C Spec(Opn,) and an open
U C € containing () C U such that the restriction

be|U:U—>U/

is smooth. The complement % \ U is closed in € and, since the map
Vx| is proper, the image x|¢ (€ \ U) is closed in Spec(On z).

Now every nonempty closed subset of Spec(Op ) contains x and, by
construction, the set ¥x|¢(% \ U) is closed and does not contain z.
Thus ¢¥x|¢(% \ U) = () and necessarily ¢ = U so that 1 x| is smooth.
Since 1 x|¢ is a smooth, proper, flat, and finitely presented morphism it
follows from [Stal9, Tag OEON] that ¥ x |4 has geometrically connected
fibers. The generic fiber 15" (ny) for any irreducible component V' C H
containing x is therefore a smooth and geometrically connected curve
of genus 1 implying that V' C EllL,(X).

Proposition 4.3. Suppose A is a central simple k-algebra of degree d

and of index n. Then the following are true:

(1) Elly(X) is geometrically irreducible with dim(Elly(X)) = d?;

(2) if A has division and either A is cyclic or, if A contains a mazximal
subfield F' C A whose Galois closure E/k is a Galois extension of
degree 2n with dihedral Galois group, then ElL,(X)(k) # 0.

Proof. We first prove (2). In either case, let x be a point of X with k(x)
either a cyclic Galois extension E/k of k of degree n (in the first case)
or a maximal subfield k(x) C A with Galois closure E/k a dihedral
Galois extension of degree 2n (in the second case). The field E splits
X and k(z) @, E = E®" either way. Let H C Gal(E/k) be a cyclic
subgroup of order n. Pick an E-rational point p in xg and let L be the
line through p and gp for any generator g of H.

The union of the H-translates of L forms a Gal(FE/k)-orbit which
descends to a scheme V' C X defined over k. Geometrically, the scheme
V% is an n-gon of lines through the points zz. Hence rhy (¢) = nt. We
claim the point defined by V in Hilb!} (X /k) is contained in Ell,(X).
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Actually, as V% is the scheme-theoretic union of lines we can use the
exact sequence [Stal9, Tag 0C4]]

(7) O%OCUD%OC@OD_)OCOD_)O

where V- = CUD, with C a chain of n—1 lines and D a line closing the
n-gon, to compute that 2'(V,Oy) = 1 and that h'(V%, Oy (1)) = 0 by
tensoring the exact sequence with Ox_(1). Since V7 has Ici singularities,
one can apply [Harl0, Proposition 29.9] to find that V% is smoothable.

More precisely, we find that Hilb"} (X /k) is smooth at the k-rational
point defined by V' C X and, over an algebraic closure, there is an
integral curve passing through both the point corresponding to 1z C Xz
and the subset of Ell,,(X7) parametrizing smooth and connected curves.
In particular, the embedding V' C X defines a point of ElL,(X)(k)
completing the proof of (2).

Now we prove (1). If d = 3 then Hilby} (X /k) is a form of PY.
However, we can be more precise. Since d = 3, the k-central simple
k-algebra A associated to X is cyclic [KMRT98, Theorem 19.2]. If A
is split, then so is Hilb}} (X /k). Otherwise, A is a division k-algebra
and, by part (2) above, there is a k-rational point Hilbyy (X/k)(k) # 0.
Hence Ell3(X) = Hilbyy (X/k) = PY in this case too. (Alternatively,
one can avoid the use of (2) by using Bertini’s theorem).

So we can assume d > 3. Let U’ C Hilbl) (X /k) x k be the open set
consisting of all smooth and connected curves of degree d and genus 1.
Write U for the image of U’ inside Hilb%y (X /k). Since d > 3, it follows
from [Ein86, Theorem 8] that U’, and hence also U C Ell;(X), is open
and irreducible. We’ll show that U is dense in Elly(X); this will prove
the first claim since U’ = U X, k.

Let V be an irreducible component of Ell;(X'). Since the generic fiber
Y (nyv) is smooth and geometrically connected, there is an open subset
W C V such that for any point z in W, the curve 15" (z) is smooth (see
[Gro67, Proposition 17.7.11]) and geometrically irreducible (by [Stal9,
Tag 0559]) of degree d by assumption and, by Remark 3.6, of genus 1.
In particular, we have W C U showing that U is (topologically, but
possibly not scheme-theoretically) dense in Ell;(X).

The dimension of Ell;(X) can be determined geometrically, i.e. over
an algebraic closure, and this is done in [Ein86, Theorem 8]. Essentially,
it C' C X7 is smooth of degree d and genus 1 then one can compute

h(C,Ngyx,) =d® and h'(C,Ngyx,) =0

using the normal bundle sequence (and the Euler sequence for X3).
This shows both that dim(Ell;(X)) < d?, from Corollary 2.9 (1), and
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that dim(Elly(X)) > d?, from Corollary 2.9 (3); moreover this shows
that Ell;(X) is smooth along U. O

Remark 4.4. The proof of (2) in Proposition 4.3 above is an extension
of an argument due to Jason Starr, cf. [Stal7]. There Starr’s goal is to
use the fact that V defines a smooth k-rational point on Hilb" (X/k)
to construct a smooth genus 1 curve on any Severi-Brauer variety X
defined over a large (also called ample) field & (e.g. a p-special field or
the fraction field of a Henselian DVR).

We can elaborate on Starr’s result in the setting of Proposition 4.3,
i.e. when A is a division k-algebra satisfying the assumptions of (2).
Indeed, the scheme Ell, (X)) is projective so we can construct a smooth
curve E with a k-rational point mapping to the k-point x associated to
the n-gon V' constructed in the proof of Proposition 4.3 (2) as follows.

Let y be any point of Ell,(X) whose associated subscheme C' C X
is a smooth geometrically connected curve of genus 1. Let I = {z,y}.
Consider the blowup Bl;(ElL, (X)) with center the points I C Ell,,(X).
Since Ell,(X) is projective, there is some embedding of the blowup
Bl;(ElL, (X)) € PM. A general linear section of the correct codimension
intersects Bl;(Ell, (X)) in a curve (smooth near z) by Bertini’s theorem
[Jou83, Théoreme 6.10 et Corollaire 6.11]. A general section of the same
codimension intersects the exceptional divisor P*~! ¢ BI;(ElL, (X))
over x in a k-rational point and the exceptional divisor over y in some
number of points. So we can choose a section E' C Bl;(EllL, (X)) doing
all three things at once. The normalization E of E’ is a curve with all
the stated properties.

Over a large (also called ample) field k, any irreducible curve having
a smooth k-rational point has infinitely many k-rational points. Thus
the curve E has infinitely many k-rational points and the image along
the composition of the normalization and blowdown

E — E' — Bl;(Ell, (X)) — Ell,(X)

has nontrivial intersection with the open subset of Ell,(X) consisting
of smooth and geometrically connected genus 1 curves.

Example 4.5. If A is a cyclic division k-algebra of index n, there are
lots of field extensions F'/k where X contains a smooth geometrically
connected curve of genus 1 and where the algebra Ap has index n.
When n = p" is a power of a prime p, Remark 4.4 shows this holds
for a minimal p-special field F'//k contained in an algebraic closure & /k.
When the index n is arbitrary one can instead use the field k((¢)),
which is the fraction field of a Henselian DVR, and apply Remark 4.4.
The index remains n here since Ay«)) specializes to A (Lemma A.1).
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One can also construct “generic” examples for an arbitrary division
algebra A of index n as follows. If n = p is prime, then one can first
replace the base field k by an extension F//k with Ar a cyclic division
algebra of index p if necessary. Next, one again extends the base field
but now to the function field L = F(Ell, (X)) of the scheme ElL,(XF).
Since Ell,(Xr) has a smooth F-rational point by Proposition 4.3, the
algebra Ay is nonsplit (hence of index p) by [GS17, Lemma 5.4.7].
The generic fiber w;(i (MEn,(xx)) is then a smooth and geometrically
connected genus 1 curve on Xj.

If n is not prime, one can use [RTY08] to get a field extension F/k
with Ap cyclic of index n and with the restriction Br(k) — Br(F)
an injection. Setting L = F(EIL,(XF)) then, as above, X, contains a
smooth and geometrically connected curve of genus 1. In this situation
[GS17, Lemma 5.4.7] shows that the restriction Br(F) — Br(L) is
an injection and Lemma A.1 below shows that Ay remains index n
(actually, both statements can be obtained from Lemma A.1). Hence
also the extension of A to £ = k(Ell,,(X)) has index n and Xg contains
a smooth and geometrically connected curve of genus 1.

Example 4.6. Let n > 3 be an integer and fix a divisor m > 1 of n.
Set G = SL,,/pum to be the quotient of the special linear group by the
sub-group scheme of mth roots of unity. Fix a faithful representation
G — GLy for some N > 0 and let 7 : GLy — GLy/G be the
quotient. If P C G is a parabolic subgroup such that P\G = P!,
then 7 is equivariant for the right-action of P and the quotient by this
action yields a Severi-Brauer scheme 7y : P\GLy — GLy/G. One
can therefore consider the relative GLy/G-scheme Hilb"(7) and, if
n is the generic point of the (smooth and geometrically irreducible)
scheme GLy /G, we can define the relative GLy /G-scheme Ell,, (7)) as
the scheme theoretic closure of Ell, (7o X1y /¢ 1) inside Hilb%y ().

The scheme Ell, (7)) is proper and surjective over GLy/G and, for
any field extension F'/k and for any F-point z € (GLy/G)(F), the fiber
Ell,(7) XarLy/c * contains Ell,(my Xqr, /¢ =) as a closed subscheme.
By [Stal9, Tag 0559], there is then an open subscheme W C GLy/G
such that for any x € W (F) there is an equality

Eun(ﬂ'o) XGLN/G Tz = Eun<ﬂ'0 XGLN/G l‘)

If the base field k is infinite, then the relative Severi-Brauer scheme
7o is versal (cf. [GMS03, Ch. 1 §5]) in the sense that for any nonempty
open subscheme U C GLy /G, for any field extension F'/k, and for any
Severi-Brauer variety X associated to an F-central simple F-algebra
A with deg(A) = n and exp(A) dividing m, there exists an F-point = €


https://stacks.math.columbia.edu/tag/0559
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U(F) so that X = my ' (U) Xy . The scheme Ell,, (7o) X 1., /¢ W and its
universal family, considered over IV, is similarly versal for geometrically
elliptic normal curves on Severi—Brauer varieties.

Moreover, using Example 4.5, there exists a generic geometrically
elliptic normal curve CJ4) on the base extension (XJ5) g of the generic
Severi-Brauer variety X% = my '(n), where E is the function field of
the scheme Ell,, (1o XLy /1) Fix any field F/k, fix a point x € W (F)
corresponding to a Severi-Brauer variety X, and fix a geometrically
elliptic normal curve C' C X. The point s, in S = Ell,(my XaLy /¢ )
associated to the subscheme C' C X is geometrically regular. Hence
there exists a sequence of DVRs (Ro, my), ..., (Rj(s,), Mj(s,)) satisfying
the following conditions:

(1) Frac(Ro) = F(Ell,(m)|w) := E',
(2) R;/m; = Frac(R;y1)
(3) Rjsa)/My(sa) = F(52).

There are also smooth Spec(R;)-schemes, gotten by base change of the
universal family, which at one end gives C¥%: x g E' and the other C.
In this way the generic geometrically elliptic normal curve specializes
to any other geometrically elliptic normal curve in any Severi-Brauer
variety defined over any field extension of k.

Recall that the period per(C') of a smooth, proper, and geometrically
integral curve C'/k is the smallest integer m > 1 so that Picgy, (k) # 0.
Equivalently, the period of C/k is the order of the element [Piclc/k]
inside the first Galois cohomology group H'(k, Picy, Jk)-

Recall also that the index ind(C') of C'is the unique positive integer
generating the image of the degree map deg : CHy(C') — Z. We have
that per(C') divides ind(C) and if the genus of C' satisfies g(C) = 1,
then ind(C') divides per(C)?, see [Lic69, Theorem §|. In the following
theorem we keep the notation of Example 4.6 (in particular, the base
field k is assumed to be infinite).

Theorem 4.7. Let n > 3 be an integer, and let m > 1 be a divisor of
n such that n and m have the same prime factors (i.e. m | n | m®™).
Assume, additionally, that n is not divisible by the characteristic of k.

Then the generic geometrically elliptic normal curve CJ5, above has
index ind(Cy5) = nm and per(C5) = n.

Remark 4.8. Let A7 be the central simple k(n)-algebra associated
to the generic Severi-Brauer variety XJ5. If n = st is a factorization
by integers s and ¢ such that ged(¢,m) = 1 and s and m share the same
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prime factors, then
deg(Ay5) =n, ind(AJ7) =5, and exp(AS))=m.

So the assumptions on n and m in Theorem 4.7 describe, equivalently,
exactly those cases where A%°" is a division algebra.

n,m

Proof. We first deal with the case when n = m. Since CJ%' embeds
as a geometrically elliptic normal curve in a Severi—Brauer variety of
dimension n — 1, we find per(CJ") divides n. To prove per(CJ5') = n,
it therefore suffices to show ind(Cg%') = n®.

Because of our assumption that the characteristic of the base field
k does not divide n, we can find a field extension F'/k and a smooth,
proper, and geometrically integral F-curve C' of genus ¢g(C') = 1 with
ind(C) = n? and per(C) = n. (By the remarks at the end of §4 in
[LT58], one can take F' = k((t;))((t2)) for an algebraic closure k of k).
After base extension from k to F, it follows that (CJ5") e specializes
(along a sequence of DVRs) to C as above; here E’ is the function field
of Ell,,(my X F) as before. Hence, by [Ful98, Proposition 20.3 (a)], the
index ind(Cg%) is divisible by n* which implies that it actually is n”.

When n # m, we can similarly argue by specialization. In this case,
we still have per(CJ5") divides n since C¥5, embeds in a Severi-Brauer
variety of dimension n—1 as a geometrically elliptic normal curve. Since
n is indivisible by the characteristic of k, we can construct (see Lemma
4.9 below) a smooth, proper, and geometrically integral curve C' over a
field extension F'/k with per(C) = ind(C) = n. This curve C' embeds
as a geometrically elliptic normal curve on the trivial Severi-Brauer
variety }P’}_l, which is associated to a central simple F-algebra of degree
n and exponent dividing m trivially. Hence we can specialize (CJ5) &
to C along a sequence of DVRs; here E' = F(EllL,(my Xy F')). As each
relative curve that appears over a DVR in this process is projective,
smooth, and has geometrically integral fibers, we can consider their
associated Picard schemes [Kle05, Theorem 4.8]. In this way we can
also specialize from Pic?c,%?:,ﬁ)E, = Picdcgm p XE B to Picdc/ p, for
each integer d dividing n, along a sequence of DVRs. Since the period
can only decrease when extending the base field, we can apply [Ful9s,
Proposition 20.3 (a)] to show that per(C35) = n as claimed.

To compute the index of CJ%", we also use a specialization argument.
Let A be the central simple E-algebra corresponding to (X¢%')r and
let X = SB(A®™). Since (CJ5)g(x) sits on the Severi-Brauer variety
(XJ9) B(x), which is associated to the division algebra Agx) of index n
and exponent m by [SVdB92, Theorem 2.1}, we can specialize (C5") g/
to this curve along a sequence of DVRs; E' = E(X)(Ell, (7 X E(X))).
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We show in Lemma 4.10 below that the curve (CJ5") g(x) has index nm.
Thus, using [Ful98, Proposition 20.3 (a)] again, we get ind(Cg5:) > nm.
However, it’s possible to see that we must also have ind(Cg5:) < nm
as we now explain.

Indeed, if B is the central simple k(n)-algebra associated to XJ%
then B has index n and exponent m. If E' = k(EllL, (7)) is the given
function field, then (XJ5")p is associated to the algebra Bp which still
has index ind(Bg) = n and exponent exp(Bg) = m as the restriction
Br(k(n)) — Br(E) is an injection (see Example 4.5). If H is a divisor
of (X9°") g of degree exp(Bg) = m then

[Coim N H] = [CE51[H] = mip]

holds in CHy((X¢5) ) for some point p of degree ind(Bg) = n. Now
the left hand side of this equation has degree some multiple of the index
of C99" whereas the right hand side has degree nm. ([

,m

We needed two lemmas for the above proof. The first of these lemmas
constructs curves of equal period and index over an extension of k. The
proof below is adapted from [use].

Lemma 4.9. Let n > 1 be an integer not divisible by the characteristic
of k. Let k be a fived algebraic closure of k. Write F = k((t)) for the
field of formal Laurent series in t over k. Then there exists a smooth
and proper genus one curve C'//F with per(C) = ind(C) = n.

Proof. Let E/k be any elliptic curve. We claim that there exists an
element z € H'(F, Er) having exact order n. Using the correspondence
between this Galois cohomology group and the Weil-Chatelet group for
Er, the element z corresponds to an Eg-torsor C'/F having period n.
By [Lic68, Theorem 1], the curve C' also has index n.

The Kummer sequence associated to the multiplication-by-n map on
Er yields the exact sequence

(8) 0— Ep(F)/nEp(F)— HY(F, Er[n]) — H'(F, Ep)[n] =0

where Fr[n] is the subgroup scheme of n-torsion points of Er. Since
n is not divisible by the characteristic of k£, and since E' is defined over
k, there exists an isomorphism of group schemes Ep[n] & (Z/nZ)%2.
Since F' admits a cyclic Galois extension of degree n (i.e. F/(t'/™)), there
exists an element 2z € H'(F, Er[n]) of exact order n.

We claim that the group Er(F)/nEr(F) = 0 so that, by (8), there
exists an element x of order n as desired (the image of z, for example).
Let R = k[[t]]. The restriction Er(R) — Ep(F) is an isomorphism
due to the valuative criterion for properness, so it suffices to show that
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Er(R) is n-divisible. Since E is finitely presented over k and we have
that R = lim R/(t™), there is an isomorphism

ling Egym) (R (™)) 2 ling E(R/(t™))  Er(R).

We'll show that Eg/qm)(R/(t™)) is n-divisible by induction on m.
When m = 1, the group Ei(k) is divisible as FE is an elliptic curve.
Now assume Ep/my(R/(t™)) is n-divisible for some m > 1. From the

restriction we get an exact sequence
0—V — Er(R/(t™") = Er(R/(t™)) = 0

with surjectivity on the right by formal smoothness. Here the kernel
V is a k-vector space which is n-divisible since the characteristic of k
doesn’t divide n. It follows that Er(R/(t"*!)) = Egj@m+y(R/(t™1))
is n-divisible as well. 0

The second lemma provides an index reduction formula for the generic
curve C9.

Lemma 4.10. Letn > 3 be an integer not divisible by the characteristic
of the base field k and fix a divisor m > 1 of n sharing the same prime
factors asn if m > 1. Let A be the central simple E-algebra associated
to the Severi-Brauer variety (X5 )p. Let X = SB(A®™).

Then the generic geometrically elliptic normal curve CJ5' C (X9 g
satisfies ind ((C’g??)E(X)) = nm. Moreover, if n/m is squarefree, then

the period of (C9") g(x) is per ((Cﬂ,eg)E(X)) = e

n,n

Proof. Let C'= CJ%" for the proof. Now there exists an exact sequence

(9) 0 — Pic(C x X) — Piccyx/p(E) > Br(E)

which can be obtained in multiple ways, see for example [CK12, Proof
of Theorem 2.1] or [Kle05, Remark 2.11]. Important for us are the facts
that there is an equality

Picoxx/s(E) = Pic((C x X)p. )21 E/E),

where FE? is a separable closure of F, and that there is a geometric
realization of the rightmost map of (9), see e.g. [Liel7, Theorem 3.4].

Using the above equality, we can compute Picoyx/p(£) explicitly.
There is an exact sequence of Gal(FE*/FE)-modules

0— PIC(CES) X PIC(XES) — PIC((O X X)ES) —H—0

where H = Hom((Picg(Es/Es)v,PicOCES/Es) and the leftmost nonzero
map is the pullback along the two projections, see [CTS21, §5.7.1].
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Note that, as X is a Severi-Brauer variety, we have H = 0 so that
Picoxx/e(E) = (Pic(Cgs) x Pic(Xgs)) " F /5 = Picy x(F) x Z

where a generator in the second component is given by the class of the
line bundle O(1) on Xgs = P%'. Note that O(1) maps to [A®™] in
the Brauer group Br(E) under the map 0.

Suppose an E-rational point in Piccyx (L) is given by the pair
x = (L,0(—=¢)). Then z comes from a line bundle on C' x X only if its
image in Br(F) is trivial, i.e. if there is an equality

0=4(L) — [4®™).

Since C has an E-rational divisor of degree n?, whose image in Br(E) is
trivial, we can translate such an x to a pair where the first component
has degree 0 < d = deg(L) < n?. We can even assume d > 1 since
C= Piclc/E has no E-rational points.

Since C' has genus ¢(C') = 1, any line bundle representing the point
L on Picf, /p(E) is globally generated and thus defines a morphism

p:C—>P

where P is a Severi-Brauer variety with class [P] = 6(£) = [A®™] in
Br(E) by [Liel7, Theorem 3.4]. If D is a Weil divisor on P of degree
e = exp(A®™), then the zero-cycle [C' N D] € CHy(C) has degree de
considered as a Weil divisor of C. Since ind(C) = n?, we must have n?
divides de. Since exp(A®™) divides n/m, we get

n
n? | de|d <—> :
m
Hence nm divides d.
Now there is a commutative box (all faces commute)

Pic(C' x X) » Pic((C x X)g:)
Pic(Cr(x)) l > Pic((Cps) ps(xps))
CH(X) CH®(Xg-)

_— Z/

where all vertical arrows are pushforward morphisms, all other arrows
are pullbacks, and we’ve identified

CHo(Spec(E(X))) = Z = CHy(Spec(E*(Xgs))),

Z
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see [Ful98, Proposition 1.7]. By localization [EKMO08, Corollary 57.11],
all slanted arrows are surjective and the bottom square is trivially all
isomorphisms.

If Ly is a line bundle on Cg(x) we can therefore lift it to a line bundle
on C' x X which, over the separable closure E*/E is of the form x =
(L, 0(=Y)) for aline bundle £ on Cgs with deg(L£) a multiple of nm and
for some ¢ € Z. By pushing forward to Xgs and restricting to E*(Xgs),
we see that deg(Ly) = deg(L) is a multiple of nm. Conversely, taking
m-times the point of Pic¢, 5 corresponding to the embedding C' C X7
defines a degree nm line bundle on Cg(x). Hence ind(Cp(x)) = nm.

Finally, assume that n/m is squarefree. If the period of Cg(x) is d,
then d divides n since the period of C' was n. If d # n, then there is a
prime p so that v,(d) < v,(n)—1 where v, is the p-adic valuation. Now
we have d divides nm which divides d? by the period/index relations.
However, if n/m is squarefree then v,(m) > v,(n) — 1 so that

vp(nm) = vp(n) + vy(m) = 2up(n) — 1

while v,(d?) = 2v,(d) < 2v,(n) — 2. Hence d = n. O

APPENDIX A. ON AZUMAYA ALGEBRAS

Lemma A.1. Let R be a Noetherian reqular local ring with mazimal
ideal m, residue field k = R/m, and fraction field F. Suppose that A is
an Azumaya R-algebra. Then there is an inequality ind(Ay) < ind(Ap).

Proof. We consider the R-schemes X,,, = SB,,(A) which are étale forms
of the Grassmannian R-schemes Grg(m,n), where n is the square root
of the rank of A, and for varying m. The F and k fibers of the structure
map over R are canonically

SB,,(Ar) = SB,,(A) xz F and SB,,(A;) = SB,,.(4) xr k,

which have an F-rational point, or a k-rational point respectively, if and
only if the index ind(Ag), or ind(Ag) respectively, divides m [Bla9l,
Proposition 3]. We’ll show that the assumption R is regular guarantees
that SB,,(Ax)(k) # 0 whenever SB,,(Ar)(F) # 0.

For this, we first note that R admits a sequence of discrete valuation
rings Ry, ..., R; with maximal ideals my, ..., m; for some ¢ > 0 with the
following properties:

(1) Frac(Ry) = F,
(2) Rz/mz = FI‘ELC(Ri+1)
(3) Ry/m, = k.
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One can take a regular sequence (aq, ..., a;_1) of generators for m and
define R; = (R/(ao,...,ai—1))@,) (cf. [Stal9, Tag 00NQ, Tag 0AFS]).
Now the valuative criterion for properness [Har66, Theorem 4.7] shows

(Xm) R, (Frac(R;)) # 0 = (Xu)r,, (Frac(Riy1)) # 0.
One can conclude by induction. 0

Example A.2. The assumption that R is regular cannot be dropped
from the statement of Lemma A.1. Here’s an example from [Ma22, §4].
Fix a field k. Let X/k be any Severi-Brauer variety having X (k) = ().
Let z € X be a closed point. Consider the pushout X in the cocartesian
diagram below.

r —— Spec(k)

[

X —— X

Let & € X denote the canonical (singular) k-rational point of X and
Ox ; the local ring. If A is the central simple algebra associated to X,
then the Azumaya algebra A®y, Oy ; is split over the generic point and
nontrivial over the closed point by construction.
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